THE GAP PHENOMENON IN PARABOLIC GEOMETRIES 
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Abstract. The infinitesimal symmetry algebra of any Cartan geometry has maximum dimension 
realized by the flat model, but often this dimension drops significantly when considering geometries 
which are not locally flat, so a gap phenomenon arises. (Here, "not locally fiat" means only that 
the curvature function does not vanish in at least one point.) For general (regular, normal) para- 
bolic geometries of type (G, P), we derive a universal upper bound on the submaximal symmetry 
dimension using Tanaka theory and Kostant's version of the Bott-Borel-Weil theorem. In almost 
all complex or split-real cases, we show that this bound is in fact sharp by exhibiting (abstract) 
models. We give a complete classification of all submaximal symmetry dimensions when G is any 
complex or split-real simple Lie group. 
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1. Introduction 

Let M be a connected manifold. It is well-known that for any Cartan geometry {Q — > M, u) of 
a given type {G,K) (henceforth, a ^^G/K geometry"), the Lie algebra of (infinitesimal) symmetries 
inf{Q,u) (see Definition 12. 1.41) is always finite-dimensional. Indeed, we always have dim(inf(^, a;)) < 
dim(G) and equahty is realized by the flat model (G — )■ G/K,umc), where umc is the Maurer- 
Cartan form on G. Hence, a natural question is: Among all G/K geometries {Q — )■ M, cj) with 
dim(inf(^, w)) < dim(G), what is the maximum o/ dim(inf(^, w)) ? Often there is a significant gap 
between this number and dim(G), i.e. there are forbidden dimensions, so the above question is 
sometimes referred to as the gap problem. However, as stated, the problem is rather too general. 
We will instead concentrate on classes of Cartan geometries which admit an equivalent description 
as an underlying geometric structure on M. The gap problem for various geometric structures 
has been studied since the time of Sophus Lie by many authors, including Fubini, Cartan, Yano, 
Wakakuwa, Vranceanu, Egorov, Obata, and Kobayashi - see [231 1211 [27j and references therein. 

The prototypical example is Riemannian geometry, which in dimension n corresponds to an 
E(ri)/0(n) geometry, where E(?t,) is the Euclidean group and 0(n) is the orthogonal group. Max- 
imal symmetry occurs (non-uniquely) for the fiat model 'E{n)/0{n) = M", and all other constant 
curvature spaces. Submaximal symmetry dimensions are given in Table [T] and were studied by 
Wang [44j and Egorov [18j for n > 3, and by Darboux and Koenigs in the n = 2 case |15j . 



n 


Max 


Submax 


2 


3 


1 


3 


6 


4 


4 


10 


8 


> 5 




(^) + l 



Table 1. Maximal / submaximal symmetry dimensions for Riemannian geometry 



A parabolic geometry is a G/P geometry, where G is a real or complex semisimple Lie group 
and P C G is a parabolic subgroup. Many well-known geometric structures such as conformal, 
projective, CR, systems of 2nd order ODE, scalar 3rd order ODE, and many bracket-generating 
distributions, etc. are equivalently described as parabolic geometries. Indeed, there is an equivalence 
of categories between regular, norma/ parabolic geometries and underlying structures [TO]. For such 
geometries, maximal symmetry occurs uniquely for the (locally) fiat model. The gap problem we 
will focus on is: Among all regular, normal G/P geometries {Q — )■ M,u) which are not locally 
fiat, what is the maximum of dim{inf{Q , u)) ? We denote this submaximal symmetry dimension by 
6. (Equivalently, if we let S be the symmetry algebra of the underlying structure on M, then & 
maximizes dim(iS) among all structures which are not locally fiat.) 

In the context of parabolic geometries, previously known results are given in Table [21 but this 
list comes with some caveats. For example, consider the geometry of generic rank 2 distributions 
on 5-manifolds [llj, also known as (2, 3, 5)-distributions, which is modelled on G2/P1. Using his 
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method of equivalence, Cartan identified a fundamental binary quartic invariant, whose root type 
gives a pointwise algebraic classification similar to the Petrov classification of the Weyl tensor in 
4-dimensional Lorentzian (conformal) geometry. Cartan then identified the maximal amount of 
symmetry admitted within each class with constant root type, and in many cases exhibited local 
models either explicitly or via (closed) structure equations. The flat model has G2 symmetry, which 
is 14-dimensional, and occurs precisely when the binary quartic vanishes everywhere. Submaximally 
symmetric models, having 7-dimensional symmetry, all occur within the class where the binary 
quartic has a single root of multiplicity 4. However, since our only assumption is that the geometry 
is not locally flat, our result that © = 7 is a sharpening of Cartan's result. For any (regular, 
normal) parabolic geometry, there is a fundamental tensorial invariant called harmonic curvature 
kh, valued in the Lie algebra cohomology group if^(g_, 0), whose vanishing everywhere characterizes 
local flatness. (The Cartan quartic and the Weyl tensor are instances of kh for their respective 
geometries.) For us, "submaximally symmetric" assumes only that kh does not vanish at some 
point in the neighbourhood under considerationj^ 



Geometry 


Model 


Max 


Submax 


Citation 


Scalar 2nd order ODE 
mod point transformations 


SL3(M)/Pi,2 


8 


3 


Tresse (1896) 


2-dim. projective structures 


SL3(M)/Pi 


8 


3 


Tresse (1896) 


(2, 3, 5)-distributions 


G2/P1 


14 


7 


Cartan (1910) 


Projective structures (dim. i >3) 


SL,+i(M)/Pi 


e + 2£ 


(£-1)^ + 4 


Egorov (1951) 


Scalar 3rd order ODE 
mod contact transformations 


Sp4(M)/Pi,2 


10 


5 


Wafo Soh, Mahomed, 
Qu (2002) 


Pairs of 2nd order ODE 


SL4(M)/Pi,2 


15 


9 


Casey, Dunajski, 
Tod (2012) 



Table 2. Previously known submaximal symmetry dimensions for parabolic geometries 



The main results of this article are: 

• For any complex or real regular, normal G/P geometry we give a universal upper bound 
6 < il (Theorem 14.2.51). where il is algebraically determined - see f l3.ip . 

• In complex or split-reau cases, we: 

— exhibit models with dim(iS) = il in almost all cases (Theorem I4.3.5p . Thus, © = il 
almost always (Theorem 14.3.81) . Exceptions are also studied (Section l4.5p . 

— give a Dynkin diagram recipe to efficiently compute il (Section I3.2p . 

— establish local homogeneity of all submaximally symmetric modelqjnear non-flat regular 
points (Theorem 14. 5. 20 : the set of all such points is open and dense in M (Lemma l4.2.4p . 

• We recover all results in Table [21 some sample new results are given in Table [31 Our complete 
classification when G is (complex or split-real) simple is presented in Appendix [Bl 

The study of the gap problem is much more subtle for general real forms and we do not at- 
tempt to complete the picture here. However, in the conformal case, we exhibit local models in all 
non-Riemannian and non-Lorentzian signatures which realize the upper bound coming from com- 
plexified considerations, so we establish & for these cases as well. The problem for Riemannian and 
Lorentzian conformal structures has been recently settled by B. Doubrov and D. The [TB]. 

^The global problem of studying symmetry dimensions which are "less than maximal" is quite different. For 
example, take the flat model G G/P and remove a point on the base and the fibre over it. This yields a (locally 
flat) G/P geometry with global automorphism group isomorphic to P. In the G^/Pi case, dim(Pi) = 9. 

■^We refer to g as split-real if it is a split real form of its complexification, e.g. s[(ri,]R), but not su(n). 

■^This is not universally true outside the parabolic context, e.g. Killing fields for metrics on surfaces (see Table [T]). 
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Geometry 


Range 


Model 


Max 


Submax 


Sig. {p, q) conformal geometry 
in dim. n = p + q 


p,q>2 


SOp+i,g+i/ Pi 




(V)+6 


Systems of 2nd order ODE 
in m dependent variables 


m>2 


O T / TTT) \ / 7 ~) 

>5J^m+2(,Jj*j/-' 1,2 


(m + 2y - 1 


+ 5 


Generic rank i distributions 
on + l)-dim. manifolds 


i>3 




( 2 ) 


f +10,i> 4; 
\ 11, i = 3 


Lagrangean contact structures 


i>3 


SL,+i(M)/Pi,, 


e + 2i 


(£-1)^ + 4 


Contact projective structures 


i>2 


Sp2,(M)/Pi 


i{2i+ 1) 


f 2£^ - 5£ + 8, £ > 3; 
\ 5, ^ = 2 


Contact path geometries 


£>3 


SP2,(M)/Pl,2 


e{2i + i) 


2£^ -5i + 9 


Exotic parabolic contact 
structure of type E-^ 




Es/Ps 


248 


147 



Table 3. Sample new results of submaximal symmetry dimensions for parabolic geometries 



For arbitrary parabolic geometries, Cap & Neusser [9] gave a general algebraic strategy for finding 
upper bounds on & using Kostant's version of the Bott-Borel-Weil theorem [28j. However, the 
implementation of their strategy must be carried out on a case-by-case basis; moreover, their upper 
bounds are in general not sharp. (See also Remark 14.1.11 ) For structures determined by a bracket- 
generating distribution (not necessarily underlying parabolic geometries), another approach based 
on an elaboration of Tanaka theory |10lllT] was proposed in the works [29] and [30] of the first author; 
the latter reference contains also a review of some results on submaximal symmetry dimensions. 

The main idea behind our approach is to combine Tanaka theory with the Cap-Neusser approach 
based on Kostant theory. This yields a uniform algebraic approach to the gap problem which is 
rooted in the structure theory of semisimple Lie algebras. In contrast, earlier (sharp) results were 
obtained using a variety of techniques, e.g. computation of the algebra of all differential invariants 
of a pseudogroup (scalar 2nd order ODE), Cartan's method of equivalence ((2, 3, 5)-distributions), 
classification of Lie algebras of contact vector fields in the plane (3rd order ODE), or studying 
integrability conditions for the equations characterizing symmetries (projective structures). Some 
of these relied heavily on the low- dimensional setup. 

In Section |2l we review background from Tanaka theory, representation theory, and parabolic 
geometry. We discuss the Yamaguchi prolongation and rigidity theorems, Kostant's theorem, as 
well as correspondence and twistor space constructions. Given a subalgebra Oq of the reductive part 
00 of p, we introduce in Definition l2.3.3l a slight variant pr0(g_, ao) of Tanaka's original prolongation 
algebra pr(0_, Oq). 

Section |3] is representation-theoretic and focuses on the following questions: Letting (p G H^{q-, g) 
be nonzero, ann(</)) C Qo its annihilator, and a'^ := pr0(g_, ann(0)), 

• What is the maximum of dim(o''^) ? 

• In the maximal case, how can one describe the Lie algebra structure of a'^ ? 

• What is the maximal height of the grading on a"^ ? 

Over C, we show in Lemma 13.1.11 that dim(a''^) must be maximized on a lowest weight vector (po 
of some go-irreducible submodule C if^(g_,g). We then prove a new Dynkin diagram recipe 
in Section [22] which gives a way to understand the structure of a'^°. For example, the Eg/Pg case 
( Example I2.8.2l and l3.2.7p becomes a trivial exercise. When g is simple, regularity forces the grading 
height 9 of a'^ (for any 7^ 0) to be highly constrained: < z> < 2 always - see Section 13.61 

Section H] is the core technical part of the paper. Let {Q A M, to) be a regular, normal parabolic 
geometry and let u E Q. Any G inf{Q,u) is uniquely determined by its value at u, so the 
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isomorphism oju '■ TuQ — ?■ Q embeds inf uj) into g as a vector subspace. Its image f (u) becomes a 
filtered Lie algebra by restriction of the canonical P-invariant filtration on g, and the associated- 
graded 5{u) := gr(f(M)) is a graded subalgebra of g. If x = 7r(u) is a regular point (Definition 
14.2. II) . then we prove the crucial fact that s(m) C a'^^'^"-' (Proposition 14.2.^ . which establishes a 
bridge to Tanaka theory. Since the set of regular points is open and dense in M (Lemma I4.2.4p . 
any neighbourhood of a non-fiat point contains a non-fiat regular point, and this leads to our upper 
bound (5 < il (Theorem I4.2.5p . In complex or split-real cases, realizability of it (or more precisely, 
it^, when restricting curvature type itsi^kh) ^ ^ -f^+(0-)0)) is then addressed: for almost all 
cases, a model can be constructed by deforming the Lie algebra structure on a"^" by 0o (Theorem 
14.3.51) . We then investigate exceptional cases in Section IT5l 

Section [5] contains finer analysis of specific geometries, and in particular we exhibit some sub- 
maximally symmetric models in local coordinates. We mention a few highlights. 

• Conformal geometry: In addition to investigating the gap problem in general signatures, we 
find the maximum conformal symmetry dimensions for each Petrov type in the 4-dimensional 
Lorentzian case. In doing so, we discovered that a Petrov type II metric with four (conformal) 
Killing vectors was not known in the literature. We exhibit such a metric in Section 15.1.21 

• Systems of 2nd order ODE: We discuss the Fels invariants [22] and their connection to 
harmonic curvature. There are two (degenerate) branches: the projective branch and the 
Segre branchQ Submaximally symmetric models arise in the latter. We exhibit such a model 
and illustrate the twistor correspondence by exhibiting the corresponding Segre geometry. 

• Projective structures: We recover Egorov's result [17J by our algebraic method. 

• {2, 3, 5) -distributions: We establish (5 = 7, and then investigate maximal symmetry dimen- 
sions for each root type of the binary quartic invariant. 

• Generic rank i distributions on (^^^) -manifolds: We obtain & in general, and give a sub- 
maximally symmetric (3, 6)-distribution along with its 11 symmetry generators. 

Conventions: We assume throughout that M is a connected manifold. When working with 
real and complex parabolic geometries, our results are formulated in the smooth and holomor- 
phic categories, respectively. We use left cosets and right principal bundles. For a Lie group 
G, we identify its Lie algebra g := Lie(G') with the /e/t- invariant vector fields on G. We write 
Ai, Bi, Gi, Di, G2, F^, Eq, E-j, Eg for the complex simple Lie algebras (see Appendix or any com- 
plex Lie groups having these as their Lie algebras. (In Section El we abuse this notation further by 
letting it refer to real forms, and specify the precise real form as necessary.) Parabolic subalgebras 
will be denoted p, q, and corresponding parabolic subgroups are P, Q. 

We always assume that G acts on G/P infinitesimally effectively, i.e. the kernel of the G-action 
on G/P is at most discrete. Equivalently, simple ideals of g are not contained in go. (This avoids 
situations like G = G' x G" and P = P' x G", where the G"-action is not visible on G/P.) 

For complex semisimple Lie algebras, we draw our Dynkin diagrams with open white circles. This 
is the same notation as the Satake diagram for the corresponding split real form, and serves to em- 
phasize that all our results are the same in both settings. We use the "minus lowest weight" Dynkin 
diagram convention (see Section 12.51) when referring to irreducible go-modules. If g is simple, we 
use Ag to denote its highest weight (root). 

Acknowledgements: We are grateful for many helpful discussions with Boris Doubrov, Mike 
Eastwood, Katharina Neusser, Katja Sagerschnig, and Travis Willse. Much progress on this pa- 
per was made during the conference "The Interaction of Geometry and Representation Theory: 



Equations in the Segre branch correspond to the torsion-free path geometries in the sense of Grossman [25] . 
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The representation theory software LiE, as well as Ian Anderson's Dif f erentialGeometry pack- 
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B.K. was supported by the University of Troms0 while visiting the Australian National University, 
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2. Background 

We review some necessary background from Tanaka theory ^011^ ITT] , representation theory and 
parabolic geometry pUj, including Kostant's version of the Bott-Borel-Weil theorem [251 [Tl [TU]. 

2.1. Tanaka theory in a nutshell. The aim of Tanaka theory is to study the equivalence problem 
for geometric structures. The given geometric data is a manifold M with a (vector) distribution 
D C TM endowed possibly with some additional structure on it, e.g. a sub-Riemannian metric or 
a conformal structure. For many interesting geometric structures, one can canonically associate a 
Cartan geometry {Q — )■ M, w) of some type {G,K). We give an outline of these ideas. 
Iterating Lie brackets of sections of D, we form the weak derived flag 

D =: D-^ C D-"^ C D-^ C ... , where T{D'-'^) := [T{D'),T{D-^)]. 

We assume that all have constant rank, and D is bracket-generating in TM, i.e. D'"^ = TM for 
some minimal z/ > 1 (called the depth). By construction, the Lie bracket satisfies r(£)') x r{D^) — )■ 
r{D^~^^), so M is a filtered manifold. On the associated graded of the above filtration 

m(a;) = s_(x) = ^Qi{x), 9,(0;) = D\x)/D^^\x), 

i<0 

the Lie bracket induces a tensorial bracket on m(x) called the Levi bracket, which turns m(x) into 
a graded nilpotent Lie algebra (GNLA) called the symbol algebra at x. We further assume that D 
is of constant type, i.e. there is a fixed GNLA m = g_ such that m(a;) = m, Va; G M. 

Example 2.1.1. Any {2, 2),^)- distribution D is locally specified by an underdetermined ODE z' = 
F{x,y,y',y",z) (Monge equation) satisfying Fyiiyii ^ 0. On a 5-manifold M with coordinates 
(x, y,p, g, z), D = Dp is spanned by dg and '■= dx + pdy + qdp + Fdz- We have 

= -dy + Hdz, 

for some differential function H of F. Assuming Fgq ^ 0, we get a filtration D = D^^ C D^^ C 
D~^ = TM. Its associated graded is isomorphic to 0_ = 0_i © 0_2 © 0-3 with relations 

(2.1) [eii, e\] = e_2, [e\, e_2] = eig, [e\, 6^2] = e\. 

Since D has constant type, consider the graded frame bundle J^gr{M) A M whose total space 
consists of all GNLA isomorphisms m : m — )■ m(x), where x = 7i{u). Indeed, J-'gr{M) — )• M is a 
(right) principal bundle with structure group Autgr(iTi), the group of graded automorphisms of m. 
If D is endowed with additional structure, we can reduce to a principal subbundle Qq ^ M with 
structure group Go ^ Autgr(iTi)- For example, in conformal geometry, D = TM, and Qo ^ M is the 
conformal frame bundle with Gq = CO(m_i); in Example 12.1. H Gq = Autgr(tn) = GL(g_i) = GL2. 
From here, one constructs the geometric prolongation of the given structure, namely a tower of 
adapted bundles ... ^ Q2 ^ ^ Go ^ M. We refer to [17] for details on this procedure. This 
geometric prolongation is controlled by an algebraic prolongation which we describe below. 



^9' — 



d 

dx 



dp + Fgdz, [dg,dp + Fgdz 



F d 
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At the Lie algebra level, Qo C dcXgr{xn), where the latter is the algebra of graded derivations of 
m. Given (m, go)? the axioms for Tanaka's algebraic prolongation pr(m, go) '■= ©iez 0i(Tn, 0o) are: 

(T.l) 0<o(m,0o) = n^©0o; 

(T.2) If X G Qi{m, Qo) for i > satisfies [X, 0_i] = 0, then X = 0; 

(T.3) pr(m, 0o) is the maximal graded Lie algebra satisfying (]T.1|) and (]T.2|) . 



Write pr(m) := pr(m, dztgr^ra)). Up to isomorphism, there is a unique graded Lie algebra satisfying 
( 1T.ip - (]T.3p . In fact, Tanaka gives an explicit inductive realization of q := pr(m, go); for i > 0, 



(2.2) 3i = if e 0S* 8) 0j+i I f{[vi,V2]) = [fivi),V2] + [viJiv2)l yvi,V2 e m 

I i<o 

The brackets on q are: (i) The given brackets on m and goi (h) If / G flj, i > 0, and f G m, then 
define [f,v] = — [f, /] := /(f); (iii) Brackets on the non-negative part are defined inductively: If 
/i G Qi and /a G 0^, for i,j > 0, then define [fi,f2] G Qi+j by [/i,/2](f) := [/i(f),/2] + [fi, f2{v)], 
V E m. (Note fi{v) G 0<i and /2(f) G 0<j, so the brackets on the right side are known by induction.) 
Verification of the Jacobi identity is left to the interested reader. 

Remark 2.1.2. Since g_ is generated by any X G 0j, « > 0, is determined by its action on By 
(]T.2p the Lie bracket on g induces g*_i^gi-i, so gi Hom((8)*0_i, go) Hom((8)*+-'^g_i, g_i). 

Note that by (IT. 21) . if g,. = for some r > 0, then gi = for all i > r. This case of finite 
termination is particularly important. 

Theorem 2.1.3 (Tanaka). Let Qq M be a structure of constant type (m, go) and g = pr(m, go). 
Suppose r > is minimal such that g^+i = 0. Then there exists a canonical frame on the r- 
th geometric prolongation Qr of Qq. Moreover, any such structure can he described as a Cartan 
geometry of some type {G, K), where g = Lie(G') and g>o =: t = Lie(i^). 

We recall some definitions from Cartan geometry: 

Definition 2.1.4. A Cartan geometry {Q — > M, w) of type {G,K) (or a "G/K geometry") is a 
principal K -bundle Q ^ M endowed with a Cartan connection u G g) with defining properties: 

(i) u is K -equivariant; (ii) w(Cy) = Y for any F G where C,y{u) = ■ exp(tF); (iii) 

'■ TuQ g is a linear isomorphism for any u E Q. The curvature of u is d(jj + G fi^(^,g). 

Evaluation on LiJ~^{X), X G g, yields the curvature function k : Q ^ /\^ g* ® g, which is horizontal, 
so K : Q /\^{g/i)* ® g. The infinitesimal symmetries are \nf{Q,uj) = G \ C^u = 0}. 

While calculating the Tanaka prolongation from given data (m, go) is algorithmic, a naive applica- 
tion of (12. 2 p generally leads to a computationally intensive exercise in linear algebra. Moreover, even 
if this task is completed, there still remains the general problem of understanding the structure of 
the resulting Tanaka algebra. However, in the context of parabolic geometries, these aforementioned 
problems are resolved by Yamaguchi's prolongation theorem [45j; see Theorem 12.3.11 

A general situation in which the computation of the Tanaka prolongation is much simpler is when 
one already knows g = pr(m, go), and one is interested in a = pr(rri, ao) for some subalgebra ao C go. 
By Remark [2.1.21 for > 0, we have ^ g*_^ ® ak^i ^ g*_i ® gk-i, and Hom((8)^g_i, ao). 

The inclusion ao )■ go induces inclusions a^ g^. Hence, 

Lemma 2.1.5. Suppose m = g_ generated by g_i. // ao C go is any subalgebra, then a : = 
pr(m, ao) ^ g := pr(rri, go). Indeed for k > 0, 

afc = {X G gfc I [X,g_i] c a^.i} = {X G g^ | adJ_^(X) c ao}. 

More precisely, a^ = {X G g^ | ad^^ o ... o ad„^(X) G ao, Vuj G g_i}. 
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2.2. Parabolic subalgebras. Given a real or complex semisimple Lie algebra g, a X-grading with 
depth v G Z>o (or a v-grading) is a vector space decomposition 

s - p 

(2.3) g = Q-u ® ••• © 0-1^© 00 © 01 © - © Qu. 

with: (i) 0±^ 7^ 0; (ii) [0^,0^] C 0^+^-, Vi,j; (iii) [0j,0-i] = Qj-i for j < 0, i.e. 0_i is bracket- 
generating in 0_. The subalgebra go is reductive with go = 3(00) © 00^*5 ^'^'^ ea.ch. Qj is a go-module. 
(Here, 3(go) is the centralizer of go in g, and go'^ is the semisimple part of go.) Defining g* := 0j>j g^ , 
we have [g*,g-'] C g*+-', so g is canonically a filtered Lie algebra. A subalgebra p C g is parabolic if 
p = g" = g>o for some i/-grading of g. (We call p°P = g<o the opposite parabolic.) Each filtrand g* is 
p-invariant, and the quotient g/p is naturally filtered. The Killing form B{X, Y) = tr(adx ° ady) is 
compatible with the grading and filtration on g, so induces the dualities g_j = (gi)* (as go-modules) 
and g* = (g"*"*"^)"*" (annihilator with respect to B). 

Let G be a semisimple Lie group with Lie algebra g and parabolic subalgebra p C g. A subgroup 
P C G is parabolic if it lies between the normalizer Ng{p) and its connected component of the 
identity. Under the adjoint action, P preserves the filtration on g. Define Gq C P to be the subgroup 
which preserves the grading on g; its Lie algebra is go. There is a decomposition P = Gq \x P^ for 
some closed normal subgroup P+ C P with Lie algebra p+ := g+. 

We focus now on the complex case and recall some representation theory. Let b C g be a Borel 
subalgebra. This is equivalent to a choice of Cartan subalgebra {) C b, a root system A C f)*, and a 
basis of simple roots A° = {ai, a^}, where i = dim(f)) = rank(g). (We use the Bourbaki ordering 
- see Appendix |Xl) For any a G A, write a = Yli=i where mj(a) G Z are all non-negative 

or all non-positive, and go, is the corresponding root space, with dim(gQ,) = L If a, /3 G A, we have: 
(i) [da, g/3] = da+i3 if a + /3 G A; (ii) [g^,, g/3] = if a + /3 ^ A and (3 ^ -a; (iii) [g^, g^.^.] C f). If a 
subspace t C g is a direct sum of root spaces and possibly some subspace of f), let A{t) denote the 
corresponding collection of roots. Thus, b = 1) © ^aeA+ da and A(b) = A+. If g is simple, there is 
a unique highest root, which we denote by Ag. 

The Killing form B induces a symmetric pairing (-, ■) on fi*. This determines the Cartan matrix 
Cij = {ai, aj) G Z, where = -j^^- We have Qj = 2 iff i = j; otherwise, —3 < Cij < 0. The Dynkin 
diagram I^(g) of g is the graph whose z-th node corresponds to ai, and nodes i,j are connected by 
an edge of multiplicity CijCji < 3 (or disconnected if CijCji = 0). Moreover, if CijCji = 2 or 3, this 
edge is directed towards the shorter root (i.e. if Cij = —1, then it is directed from j to i). 

Index sets / C {1, correspond to (standard) parabohc subalgebras p D b: 

p ^ Iv-={i\ g-a, 2 p}, / ^ p/ := b © g_„. 

aeA+ 
mi{a)=0, Viel 

We encode p on T>{q) by putting a cross over all nodes corresponding to /p. This marked Dynkin 
diagram will be denoted V{g,p). Thus, If, = {1, ■■■,£} and all nodes are crossed. 

Let {Zi, ...yZi} be the basis of () dual to A° C f)*. Fixing a parabolic p determines the grading 
element Z = Zi = 'Yl,i<^i^ which induces a Z-grading (12. 3p via g^ = {a; G g | [Z^x] = jx}, and 
3(00) C go is spanned by The grading has depth u = max{Z(Ag/) | g' C g simple ideal}. 



Recipe 1. Deleting the Jp nodes from P(g,p) yields V{qq'^), and dim(3(go)) = |/p|. Also, 
dim(g_) = i(dim(g) - dim(go)) and dim(p) = ^(dim(g) + dim(go)). 



Given a weight A G [)*, we refer to Z{X) as the homogeneity of A. Let {Ai,..., A^} C f)* denote 
the fundamental weights of g, defined by (Aj,aJ) = 6ij. Encode A = Yli=i^iW^i^ where rj(A) : = 
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(A, a/), on a V^q) or V{g, p) by inscribing rj(A) over the i-th node. If rj(A) is nonnegative [integral] 
for all i, then A is g-dominant [integral]. If these statements hold only for i G {1, ...,i}\Ip, then A 
is p-dominant [integral]. The Cartan matrix is the transition matrix between {oj}^^^ and {Xi}l^i, 

It I 
(2.4) A = ^miOi = ^TjAi ^ ^miQj = Vj. 



1=1 i=l i=\ 



Some distinguished weights are p = ^^^j^ Aj and = Xlie/p -^j' well as the highest weight (root) 
Ag of any simple Lie algebra g (see Appendix lAl) . 

Example 2.2.1. G2 has Ag = A2 = 3ai + 2a2- Also, p = Ai + A2. If I = {1}, then Z = Z\, so Ag 
has homogeneity +3. Also, p = p/ = g>o = b © S-aa; o'^''^ = Ai. VKe write 

11,01 „ 1 

P = , Ag = , p = >##^ , pP = >##^ . 

Given any a G A, the reflection da G 0(f)*) is defined by cra(/3) = /3 — Q;'^)a. The Weyl group 
C 0(f)*) is the group generated by all simple reflections cxj := Oai- Representing w; as a product 
of simple reflections, let \w\ denote its length, i.e. the minimal length of a representative. We will 
use the notation (zj) := (JiOj^ which means that cXj acts first, followed by cTj. There is a simple 
Dynkin diagram recipe [1] for the (standard) M^-action of a simple reflection on weights: 



Recipe 2. To compute crj(A), add c = (A,a^) (i.e. i-th coefficient) to adjacent coefficients, with 
multiplicity if there is a multiple edge directed towards the adjacent node. Then replace c by —c. 



We will also use the affine action of W, which is defined by 

(2.5) w ■ X := w{X + p) - p. 

Defining the inversion set $^ = w{A^) fl A^, we have [TOl Proposition 3.2.14]: 

(2.6) |$^| = \w\, a = -w-0. 

The Hasse diagram is = {w E W \ ^(fl+)} with length r elements W'^r). ( Equivalent ly, 

w G sends g-dominant weights to p-dominant weights.) By a lemma of Kostant [1], 



Recipe 3. -v^^ W -orbit through p^ under the right action {p^,w) t— t- w ^p'^. In particular, 
w = {jk) G iyP(2) iff J G Jp and k G (Jp U A/'(j))\{j}, where Af{j) = {i \ < -1}. 



The right action forces a reversal of the order of reflections from their order of application above. 

Example 2.2.2 (G2/P1). For xN-^ , 3(00) = span{Zi}, gg* = 5f2(C), and W^{2) = {(12)} since 

1 <xi -1 1 <72 2 -1 
pP = — y — y . 

(This also follows from the second statement in Recipe\^ ) Using w = (12) and Ag = A2 = X ( , 

wX, = {12)-\^>^ j={12)\^y^ J-p=(l)( >^ \-p= , 

and since Z = Z\, then —w ■ Ag = 8A1 — 4A2 = +4ai has homogeneity +4. 
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2.3. Infinitesimal flag structures and prolongation. Let {Q — )■ M,u) be a G/P geometry 
with curvature function n : Q — )■ A^lfl/p)* ® fl- Since u trivializes TQ = Q x q, the filtration 
{9^}i=-u induces a (P-invariant) filtration {T*^}JL_^ of TQ. This projects to a filtration 
{T'M}r2_^ of TM = G Xp (g/p), and defining the principal Go-bundle Go := g/P+ M, we 
have gr(TM) = Qq Xq^^ q_. Then M becomes a filtered manifold iff K,{gi,Qj) C g^~^^ for all i,j < 
Pm Corollary 3.1.8]. In this case, the parabolic geometry is regular if the algebraic bracket on 
gr (TM) induced from g_ is the same as the Levi bracket. Indeed, regularity is equivalent to 
^(flj;0i) C Q^~^^~^^. In the latter case, we get a regular infinitesimal flag structure of type {G,P) 
on M, i.e. a filtered manifold M generated hj D = T~^M together with a reduction of structure 
group of the frame bundle of gr(TM) to Qq corresponding to Ad : Go Autgr(0-)- 

Conversely, a regular infinitesimal fiag structure of type (G, P) determines a regular parabolic 
geometry. There is an algebraic statement underlying this fact and motivated by the following 
question: Given (g,p) and the resulting Z-grading (12. 3p . what are pr(g_,go) or pr(g_ 

Theorem 2.3.1 (Yamaguchi's prolongation theorem j45j). Let q = ©^g^Sfe a simple graded Lie 
algebra over C such that g_i generates g_. Then g = pr(0_) except for: 

(a) l-gradmgs: Ai/Pu, Be/Pi, Ce/Pi, De/Pi, D,/P,, E^/P^, Ej/P-j. 

(b) contact gradings, i.e. 2-gradings with dim(g_2) = 1? and non- degenerate bracket A^0-i ~^ 0-2 : 

A,/Pi,,, P,/P2, G,/Pi, D,/P2, G2/P2, P4/P1, ^6/^2, ^8/^8. 

(c) (g, p) ^ {Ai, Pi,i) with i>3andiy^l,i, or {Ce, Pi,i) with £ > 2. 
Moreover, we always have g = pr(g_,go) except when (g,p) = (Af,Pi) or {Ci,Pi). 

If pr(g_,go) = g, then there is a regular parabolic geometry (e.g. the normal one - see next 
section) which is completely determined by its underlying regular infinitesimal fiag structure. 

Example 2.3.2. In Example \2.1.1\ the symbol algebra g_ is isomorphic to the g_ in (12. 3 p arising 
from pi C Lie(G2) =: g. Namely, we can choose root vectors such that 

1_ 2_ _ 1_ 2_ 

^—1 6— ai) ^—1 ^— ai— Q25 ^—2 6— 2oi— a25 ^—3 ^— Soi— a2' ^—3 6— Sqi— 2a2 

satisfy the bracket relations (12. ip . i??/ Theorem \2.3.1\ pr(g_) = g, and so by Theorem \2.1.3\ (2, 3, 5)- 
distributions can be described by a Cartan geometry of type (G2,Pi). 

Generally, geometries with pr(g_) = g have underlying structure a bracket-generating distribu- 
tion. For 1-gradings, the filtration on M is trivial, so the geometry is determined by a reduction of 
structure group alone. These include conformal structures {Bg/Pi, De/Pi), Segre (almost Grassman- 
nian) structures {Ae/Pk for k ^ 1,^), and almost spinorial structures {DijPi). Parabolic geometries 
with contact gradings are determined by a non-trivial filtration as well as a reduction of structure 
group, e.g. CR and Lagrangean contact (A^/Pi^^), and Lie contact structures {B(^/P2, D1/P2). In the 
two exceptional cases, A^/Pi and G^/Pi, pr(g_,go) is infinite-dimensional. Algebraically, one needs 
to appropriately constrain the grading one component of pr(g_,go) through additional structure, 
namely projective and contact projective structures, respectively. We refer to the regular infini- 
tesimal fiag structure, or the structure reduction of prx(g-,go) to gi in exceptional C3iSGS, clS the 
underlying structure for a regular parabolic geometry. 

Motivated by Lemma 12.1.51 and Theorem 12.3. H we define a variant of Tanaka prolongation: 

Definition 2.3.3. Let g be a Z-graded Lie algebra, and Oo C go a subalgebra. Define the graded 
subalgebra a C g by: (i) a<o := g<o; (H) CLk = {AT G Qk I [X, 0~i] C Uk-i} for k > 0. We will denote 
= 0fc by pr0(g_, ao). (In particular, pr0(g_,go) = g.) 

When g is simple and g/p is not A^/Pi or G^/Pi, then pr0(g_, Oq) is the same as pr(g_, ao). 



In the semisimple case, any simple ideal g' C g contained in go satisfies [g',0-i] — 0. This violates Tanaka's 
axiom (jT.2p . so by convention, we exclude this case from all our considerations in this article. 
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2.4. Regular, normal parabolic geometries. There is an equivalence of categories between 
regular, normal parabolic geometries and underlying structures. We articulate normality below. 

Using the P-equivariant isomorphism (g/p)* = p+, consider the chain spaces /\^ p+ 0. The (P- 
equivariant) Kostant co differential d*, which is minus the Lie algebra homology differential, turns 
these chain spaces into a complex. A regular parabolic geometry is normal if the curvature function 
k: g ^ A (S/P)* ® S satisfies d*K = 0. While ft is a complete obstruction to local flatness, it is 
a rather complicated object. But for normal geometries, since (9*)^ = 0, we can define harmonic 
curvature : Q ^ ker(5*)/im((9*), which is a much simpler object and which is still a complete 
obstruction to local flatness. (As such, we say that x G M is a non-flat point if hh{u) ^ for some 
(any) u G 7r~^(a;).) While tiu is P-equivariant, P+ acts trivially on ker(9*)/im(9*), so kh descends 
to a Go-equivariant function on Qq = Q/P+. As Go-modules (g/p)* = 0l = p+, so consider the 
(Go-equivariant) Lie algebra cohomology differential d acting on the co-chain spaces /\^{q-)* (g) g, 
and the Kostant Laplacian □ := dd* + d*d. By a lemma of Kostant, we have as Go-modules 

ker(c'*) 

/\^(S_)* ® = im(5*)iker(n)©im(9), ker(n) = = =: H\q^,q). 

ker(c') 

By Go-equivariancy, kh '■ Go ^ H'^id-jQ) maps fibres of Qo — t- M to Go-orbits in iJ^(0_,g). 
Kostant's theorem (Section [23!) gives a complete description of the Go-module structure of H'^{q-, g). 

The grading element Z acts on if^(0_,g) = ker(n) C A^fl- ® 0- Let i7^(g_,g) denote the sub- 
modules with positive homogeneity. Regularity is equivalent to im^Kn) C if^(g_,g) [TUl Theorem 
3.1.12]. This has the following important corollary which was mentioned in [8j, Section 2.5]: 

Proposition 2.4.1. Let {Q — )■ M,uj) be a regular, normal parabolic geometry of type (G, P). // 
dim(inf(^, w)) = dim(g), then the geometry is locally flat. 

Proof. Given 7^ G /f^(g_,g), the grading element Z G 3 (go) satisfies Z ^ ann(0) C qq. Let 
u & Q. We use two observations (see Section 14.11) : (i) f{u) := im(a;^i|i„f(g; ^^-j) C g is a filtered 
Lie algebra with s(m) := gr(f(M)) a graded subalgebra of g; and (ii) So(m) C ann{KH{u)). Hence, 
dim(inf(^, w)) = dim(s(u)) < dim(g). If equality holds, then Z G So(m) C ann{KH{u)). Since 
kh{u) G if^(g_,g), this forces kh{u) =0. □ 



2.5. Kostant's theorem. Given (g,p) and an irreducible g-module U, we define 9, 9*,n, and 
iiP(g_,U) analogous to Section [2^ Kostant's version of the Bott-Borel-Weil theorem [28], [1], [10] 
efficiently computes iP(g_,I[J) as go-modules. Our main interest will be the r = 2 case. 



Notation: Let — /i be a p-dominant weight. Let be the irreducible go-module with lowest 
weight /i. Denote this by the Dynkin diagram notation for — /i. The homogeneity of is Z{fi). 



Remark 2.5.1. A consequence of the seemingly perverse "minus lowest weight" convention [1] is 
that Kostant's algorithm below describes i/^(g_,I[J) (as opposed to i/^(p+,U)). 

If Qq'^ 7^ and —fi is p-dominant, the theorem of lowest (highest) weight says there is a unique 
(up to isomorphism) gg'^-representation with lowest weight no, where no is obtained by deleting the 
crossed nodes from fi. (If gg'^ = 0, take the trivial 1-dimensional representation.) We augment this 
to a go-module by defining a 3(go)-action: let Zj act by the scalar Zi{fi) for any i E Ip. Note 
that if A is g-dominant, then for any w G W^, w ■ X is p-dominant (by definition of ly). 
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Recipe 4 (Kostant's theorem for i7^(g_, U)). Let q be complex semisimple, p G Q a parabolic 
subalgebra, and U an irreducible Q-module with highest weight A. As a Qo-module, 

For each w = (jk) G l^f(2), $^ = {aj,aj{ak)}- Via the Qo-module isomorphism if^(g_,U) = 
ker(n) C /\ ® U, the module V_^.a has the unique (up to scale) lowest weight vector 

(2.7) 00 := A e^^.(aj (g) v, 

where G are root vectors, and v gU is a weight vector with weight w{—X). 



Example 2.5.2 {G2/P1). In Example \2.2.S\ since Ag = A2 for g = Lie(G2), we computed if^(g_,0) 
as a 00 — dhi'^) 'module. Since the lowest root of Qi is ai = 2Ai — A2, then 

where w = (12) G W'^{2). Since gi is the standard representation of Qq, then if^(g_,0) is the space 
of binary quartics on g_i. This recovers Cartan's result [H] concerning the fundamental (harmonic) 
curvature tensor for generic rank two distributions in dimension five. Furthermore, 

= {"i, 3ai + 0:2}, w{-Xg) = 3Ai - 2A2 = -02- 

Thus, H'^{q^, g) = ker(n) C /\^ Q*_ ® g has lowest weight vector 0o = ^ai A 630,^+^3 ® e.^j- 

For if''(0_,U), we make the obvious changes to Recipe HI e.g. w G W'^r), etc. If g is simple, the 
highest weight Ag is also the highest root, so a = w(— Ag) G A and w = Cq, G Qa- If is semisimple, 
say with decomposition into simple ideals = g' x g", then if^(g_,g) = if^(g_,g') © if^(g_,g"), 
and we can apply Kostant's theorem to each factor. Note that in the semisimple case, 0o = 00 x Qq 
and writing ^ = fi' + /i", we have = V^/ Kl V^//. Here, Kl is the "external" tensor product, so 
00)00 act trivially on V^//,V^/, respectively. More generally, when contains simple ideals 0' and 
0", the 00-irreducibles appearing H'^{g_, g) come in three types (see Table S]). (The analysis for the 
gap problem in the general (complex or split-real) semisimple case will reduce to the case with no 
more than two factors - see Remark I4.3.9[ ) 



Label 


w G W^P(2) 


W ■ Ag/ 


Sub module of... 


Type I 
Type II 
Type III 


ifk') G W^'{2) 
ifk") G VrP'(l) X W^"il) 
ifk") G W^"{2) 


(/A;')-Ag/ 

CXj' ■ Ag' ~\- CTk" '0 

Ag, + ifk") ■ 0" 


H\g'_,g')^g'l 



Table 4. Types of 0o-submodules in if^(0_,0) when contains simple ideals 0' and 0' 



2.6. Regularity and Yamaguchi's rigidity theorem. Let be complex semisimple with a 
simple ideal having highest weight A. Let us write the regularity condition Z{—w ■ A) > 1 in detail. 
Let w = {jk) G iyP(2), so $^ := w^- n A+ = {aj,aj{ak)]. Using (|23]), (jM]), and writing 
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Ta = (A,q;^) > (since A is 0-dominant), 

(2.8) w ■ X = w{X) + w ■ = w{X) — a = aj{ak{X)) — aj — crj{ak) 

= aj{X - rtak) - aj - Oj{ak) = A - (r^ + l)aj - (r^ + l){ak - Ckjaj). 
From Recipe [31 we know j G /, so Z{w ■ A) < — 1 is equivalent to 

(2.9) Z{X) < r, + (rfc + l)(Z(afc) - c^,). 
Definition 2.6.1. Let g be complex simple with highest weight Ag. Define 

Wli2):={weW'i2)\Zi-wX,)>l} Hlig^,g)= V_^.a,. 

w€Wl{2) 

Example 2.6.2. Condition ( 12.91) can be used to calculate W+(2). Consider Ai/Pi^2,s,t for 4 < s < 
t < i. Since Ag = Ai + A^ = ai + ... + a^, then Z{Xq) = 4. Since rj,rk, Z{ak), —Ckj G {0, 1}, then 
dlSD forces Tk = Z{ak) = -Ckj = 1, so k = l, j = 2, and Wl{2) = {(21)}, while \W^{2)\ = 11. 

For regular, normal G/P geometries, im^nn) C if^(0_, g). If H^{g_, g) = 0, then kh = 0, so the 
geometry is locally fiat. These geometries were classified by Yamaguchi [45j, [46j so we refer to them 
as Yamaguchi-rigid^ For the gap problem, we need only study Yamaguchi-nonrigid geometries. 

Theorem 2.6.3 (Yamaguchi's rigidity theorem). Let q be a complex simple Lie algebra and p 
a parabolic subalgebra. Then if^(g_,0) ^ Q if and only if (0,p) is: (i) 1-graded, (ii) a contact 
gradation, or (Hi) listed in Table\^ 



G 


Range 


2-graded 


3-graded 


4- graded 


5-graded 


6- graded 


A, 


i>A 


Pl,s, P2,si Ps,s+1 


Pi,2,s, Pi,s,e 


-Pl,2,s,t 








e = 3 


Pl,2 


-Pi, 2,3 








Be 


i>4: 


P3,Pe 


Pl,2 


-P2,3 








e = 3 


Ps 


-Pi, 27 -Pl,3 


^2,3 


-Pl,2,3 






i = 2 




Pl,2 








Ct 


£> A 


P2, Pe-i 


Pi,e, P2,e, Pe-i,e 


Pl,2 


-Pl,2,£ 


Pi,2,s {s < e) 




e = 3 


P2 


Pl,S, P2,3 


Pl,2 


-Pi, 2,3 






i>5 


-P3, Pi/ 


Pl,2 


-P2,37 -Pl,2,^ 








i = 4 


PlA 


Pl,2 


-Pi, 2,4 






G2 






Pi 




Pl,2 





Table 5. Yamaguchi-nonrigid geometries, excluding 1-graded and parabolic contact geometries 



2.7. Correspondence and twistor spaces. We review correspondence and twistor space con- 
structions from ^ ilOj. Let G be a semisimple Lie group G, and Q C P C G parabolic subgroups, 
so there is a projection G/Q — )■ G/P. Write the decompositions of g corresponding to q,p as 

(2.10) = q_©qQ©q^ = p_©Po©p^, 
where (see Lemma 4.4.1 in [IQj), 

(2.11) Ip C Jq, p± C q±, qo C P07 3(Po) C 3(qo). 

Given a G/P geometry {Q — )■ N,u), the correspondence space for Q C P is CN = Q/Q. This carries 
a canonical G/Q geometry {Q — )■ CN,u), and the fibers of CN — > are diffeomorphic to P/Q. 

''The list in [45 contains some minor errors, which were corrected in [46j. 
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The vertical subbundle VCN C TCN corresponds to the Q-submodule p/q C g/q, and the Cartan 
curvature k,'^^ of {Q — )■ CN,u) satisfies i^n'^^ = for any ^ G T(yCN). 

Conversely, given a. G/Q geometry {Q — t- M, cj), we may ask if there exists a, G/P geometry 
{Q — >■ iV, a;) such that M is locally isomorphic to CN . If so, we call N the (local) twistor space for 
M. From above, a necessary condition is that the subbundle VM C TM induced from p/q C g/q 
must satisfy z^k = for all ^ G r[VM). Locally, this is sufficient, and moreover [Q — )■ N,uj) is 
unique when P/Q is assumed to be connected [7] (or Corollary 4.4.1 in [10]). More convenient still 
is that it suffices to only check that im{KH) vanishes on p fl q_, cf. Theorem 3.3 in [7]). 

Two additional nice properties of correspondence spaces include: 

• inf(^ —^N,uj) = inf{Q — )■ CN,u), provided P/Q is connected. 

• ^ N, u) is normal iff {Q — )• CN, u) is normal. 

In contrast to normality, regularity is not preserved in passing to a correspondence space. 

Proposition 2.7.1. Let G be a complex semisimple Lie group, and Q G G a parabolic subgroup. 
Consider a G/Q geometry [Q — t- M, w) with im(Ki^) C V^, where fi = —w ■ X, with A the highest 
weight of a simple ideal in g, and w = (jk) G W'^{2). Let (a) p := pj if Ckj < 0; or, (b) p := pj^k if 
Ckj = 0. Then q C p C g and im(/ti^) consists of maps which vanish on p fl q_ C po- 

Proof. By Recipe [3l j E I^^, and k G (/q U Af{j))\{j}. From Recipe HI the lowest qo-weight vector 

in the qo-module is 0o = A e^^^a^) ® e^(-A) G 1- ® 0- 

If Ckj < 0, take p := pj. Then crj{ak) = oik—CkjOij has positive Z/^-grading, so (^q G piAp+®g. Now 

recall that the qo-module is generated by applying qo-raising operators to 0o- Since qo C po, 

and pi A p+ ® g is pQ-invariant (hence qo-invariant), then C pi A p+ ® g. Thus, any map in 

im(/ti^) C vanishes on po and hence on p fl q_ C po- 
ll Ckj = 0, take p := pj^k- Then <Jj{ak) = oik has positive Z/^-grading, and proceed as before. □ 



Corollary 2.7.2. Under the hypothesis of Proposition \2.7.L if there exists a parabolic subgroup P 



with Q C P C G, and Lie algebra p given as in (a) or (b), then {Q — )■ M,u) admits a twistor space 
N with {g N, u) of type {G, P). 

Remark 2.7.3. If Q is connected, then by the subalgebra-subgroup correspondence, there exists a 
unique connected (parabolic) subgroup P such that Q G P C G with Lie(P) = p. This guarantees 
the existence of a twistor space, and will play a substantial simplifying step in the calculation of 
submaximal symmetry dimensions - see Remark 14.3. lUI 

2.8. Annihilators. One step towards understanding the gap problem is the following question: 
Given a nonzero G V^, where — /z is p-dominant, what is the maximal dimension of onn(0) C go? 
A well-known consequence of the Borel fixed point theorem is that the Go-action on P(V^) has a 
unique (Zariski) closed orbit O, namely the orbit of the lowest weight line [0o]- This is the unique 
orbit of minimal dimension, so maxo^^ev^ dim(ann(0)) is realized precisely when [0] G O. Let /xq 
be the weight of gg* obtained by deleting the crossed nodes from fi. In P(V^), the stabilizer in Gq^ 
of [0o] is the (opposite) parabolic subgroup with crosses where — /xq has positive coefficients. 

Definition 2.8.1. Let = {j ^ I \ {fi,a)j) ^ 0} (marked by asterisks on the Dynkin diagram), 
and Zj^ := Xljgj^ ^j- Using the Zj^-grading, let p°P = (go*)<o be the (opposite) parabolic subalgebra 
of Qo^ corresponding to J^. If g is simple, write Jw '■= J-wX^ o^nd p°P := p°P. 
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Recipe 5. Let 0o ^ be the lowest weight vector. Then ao := ann(0o) Q 3(So) 

(2.12) ao = {H fiiH) = 0}® q^, 

7eA(go,<o) 

(2.13) dim(ao) = dim(p^ 



p°P, where 



^7) 



max dim(ann((/))). 



(Use RecipeUl to compute the dimension of p'^ C Qq"^ ■) 



Example 2.8.2 (Es/Ps). This has Ag = Ag and Wl{2) = {w := (87)}. We have dim(0o) 
1 + dim{Ej) = 134, so dim(s_) = i(dim(E8) - dim(so)) = |(248 - 134) = 57. Moreover, 



w ■ An 




o o o o- 



1 1 

— *- 



-4 



^ = {6,7}. 



By Recipe\B, P°p = p6,7 C with dim(ao) = dim(p°P) = \{^m^{E^) + 2 + ddm{D^)) = 90. 
Example 2.8.3 (S^/Pi for £ > 4). By Recipe{^ go = x C, and by Kostant (Recipe^, 

H\g^,g)=Y,= -y^^^^^.-t^ , w = (12), Z{fi) = +2. 



Removing the crossed node, p°P = p2 C -B^-i, and (go^)o = C x x i?^_3. i??/ Recipes\^ andU\ 



1 



dim(ao) = dim(p°P) = -(dim(S,_i) + dim((gg^)o)) 
1 



^{{i - 1)(2£ - 1) + 1 + 3 + (£ - 3){2i - 5)) = 2t - 7i + 10. 

In terms of H'^{q^, g) = ker(n) C 0- ® 0; /iaw 0o = A eo.+aj (g) e_a2_2a3-...-2Qf . 

VFe describe ao explicitly. Taking C"^^^^ with standard anti-diagonal symmetric C-bilinear form g, 
5o(2£+l,C) consists of g -skew matrices. Define ei G fi* by ei{dia.g{ai, ...,a£,0, —ag, —ai)) = ai. 
The simple roots are ai = ei — €2, ae-i = e^_i — eg, ag = eg. Hence, 

/i = 4Ai - 2A3 = -2ai + 2^3 + ... + 2afc_i + 2^^ = -2(ei - 62 - 63). 

i?y Recipel^ this data completely determines Oq, e.g. if £ = 4, then 



Oo 




(The condition fi{H) = determines the diagonal, and ao contains Q.y C go iff Zj^{'~f) < 0.) 
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B. KRUGLIKOV AND D. THE 



3. Prolongation analysis 

This section is representation-theoretic, focusing on the variant of the Tanaka prolongation in- 
troduced in Definition I2.3.3I We earher defined a'^ := pr0(0_, ann(0)), and for regular, normal 
parabolic geometries, we will be interested in 

(3.1) il := max {dim(a'^) | ^ G i/^(0-, fl)} . 

From the first line in the proof of Proposition I2.4.1| il < dim(0). If H'^(q_,q) = 0jVj is the 
decomposition into go-irreducibles, and = J2i 4>iy where (pi G for each i, then ann(0) C ann(0i). 
By Lemma [2.1.51 a'^ C a'^', so il = maxj(maxo^(/,igVi dim(a'^')). Thus, it suffices to understand 
maxo^(/,gv dim(a"^), where V is an irreducible go-module. When q is complex semisimple, each such 
submodule in g) is of the form V^, where fi = —w ■ A, with A the highest weight of a simple 

ideal in g, and w G W'''(2) (so w • A is p-dominant). So we have 

(3.2) il = max il^, il^ := max {dim(a'^) | ^ G V^j . 

Define a(/i) := a'^°, where 0o is the lowest weight vector of V^. (When q is complex simple, we 
will also use the notation a{w) := a{—w ■ Ag) for w G 1^(2).) After proving il^ = dim(a(/i)), we 
establish a Dynkin diagram recipe to compute il^, and then study the structure of a{^). 

3.1. Maximizing the Tanaka prolongation. 

Lemma 3.1.1. Let G be a complex semisimple Lie group, and P a parabolic subgroup. Let be 
an irreducible Go-module, and 0o ^ the lowest QQ-weight vector. Then for any nonzero G V^, 
dim(af) < dim(af°); VA; > 0. Thus, il^ = dim(o(;u)) = dim(a'^o). Moreover, dim(a'^) = dim(a<^o) ^jj 
[0]gGo-[0o]cP(V^). 

Remark 3.1.2. In general, ann(0) ^ ann(0o), and ^ af°. 

Proof of Lemma \3.1.1[ If Qq^ = 0, then irreducibility implies = C, and the result is immediate. 
So suppose 7^ 0. The k = case was established in Section 12. 8^ so let A; > 1. Define : 
P(V^) ^ Z>o by ^fe([0]) = dim(at). By Lemma EESl 

at = pr3(0„, ann(0)) = {X G | adg^_^(X) -0 = 0} 

= {X G 0fc I (ady,^ o ... o ady^^ (X)) -0 = 0, G 0_i} 

The function (ady^^ o ... o ady.^ (X)) ■ is a multilinear function of X, Yi^, Yi^, 0. Its vanishing 
is determined by evaluating all Yij, on all tuples of basis elements {cj} of g_i. So there is 

a bilinear function T(X, 0) such that af. = {X G Qk \ T{X,(f)) = 0}. Choosing any basis of Qk, 
there is a matrix M[(j)) such that X G if and only if its coordinate vector is in ker(M(0)). 
Since the rank of a matrix is a lower semi-continuous function of its entries, and M(0) depends 
linearly on 0, then rank(M(0)) is lower semi-continuous in (and depends only on [0]). We have 
dim(a^) = dim(0fc) — rank(M(0)), so is upper semi-continuous. 

Since is irreducible and Gq^ is non-trivial, then O = Gq ■ [0o] is the unique (Zariski) closed 
Go-orbit in P(V^). Consequently, [0o] is in the (Zariski) closure of every Go-orbit in P(V^). For 
any nonzero G V^, there is a sequence {gn} C Gq such that g^ ■ [0] = [gn ■ 0] [0o] as n — )• oo. 
For any n, ann{gn ■ 0) = Adg,j(ann(0)), so a^"'"'^ = Adg„(af), and hence \l/fc is constant on Go-orbits. 
Thus, ^fc([0]) = ^k{[gn ■ 0]) = ^k{gn " [0]) < ^^^([00]), by upper semi-continuity of ^!k- 

The final statement follows since dim(a^) = dim(a^") iff [0] G Go • [0o] C P(V^). □ 

Henceforth, we study a(/i). In Recipe O we gave a description of ao. In the next section, we show 
that the structure of a+ can be easily determined. 
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3.2. A Dynkin diagram recipe. Let —fi be a p-dominant weight. 

Definition 3.2.1. Define := {j G / | (/U, aj) = 0}. If g is simple, write 1^ '■= I-wX^- 



Notation: We augment our Dynkin diagram notation for /i by putting a square around 
crossed nodes, and an asterisk on nodes. (See Definition 12.8.11 ) Refer to this as V{Q,p,fj,). 



Example 3.2.2 (C6/Pi,2,5, w = (21)). We have \ = 2Ai, and 

0-54000 , - , - 

w ■ Ag = M — X — * o , i.e. /^ = {1,5}, Ju, = {4}. 

Definition 3.2.3. Given S C {1, ■■■,£}, let Zs = J2s&s^s and Zs = {Zs)s£S denote the correspond- 
ing total grading and multi-grading elements. 

Each Qj decomposes into 0o-irreducibles using Zj. In turn, these decompose into gco-ii^educibles 
using Zj^. Writing Ij G for the tuple which is zero except for a 1 in the z-th position, we have 

00-module decomposition: = ^g^., A(giJ = {a G A(gi) | Zi(a) = 1}; 

(3.3) 

go,o-module decomposition: gi^ = ^q^^a, ^{Bua) = {« ^ A(0ij | Zj^{a) = A}. 

A>0 

Here, A G Z'^'" is a multi-index, and "A > 0" means all entries are non-negative. Note the unique 
lowest root in A(gi.^o) is ca- 

Definition 3.2.4. If 61,62 C A, define Si + S2 := {a + P \ a e Si, (3 e S2} n A. 

Lemma 3.2.5. // —fi is a p-dominant weight with 1^ 7^ 0, and a = a(/i), then 

(a) a+ is a direct sum of root spaces; 

(b) A(ai) = {a G A(gi) | Zj^{a) = 1, Zj^{a) = 0}; 

(c) A(a,) C A(a,_i) + A(ai) C {a E A(g,) | Zj^{a) = j, Zj^{a) = 0}, Vj > 2. 

Proof. From Recipe [5l Oq is a go,o-iiiodule (hence, an f)-module). Since g_ is a go,o-iiiodule, then so 
is each au- By Lemma [2.1.51 C g/c, and all g^ C Qk are 1-dimensional, so (a) is proven. 

Prior to calculating ai, we recall a few facts. For any nonzero 7 G ()*, 3!/f^ G P) such that 7(-ff) = 
B{H, H^), by nondegeneracy of the Killing form B. Hence, a{H^) = 7(-ffa) = B{Ha, H^) =: {a, 7). 
Choosing root vectors G g^ (7 G A), we have [e^, e_^] = c^H^, where = B{e-y, e_^) 7^ 0. 

Now calculate ai = {X G 0i | [X, g_i] C Oq} by testing for a G A(gi). Let l3 G A(gi). Then 
recalling Oq from f l2.12p . we have 

(i) (3 = a: [ca, e_Q,] = CaHa- Thus, if ao, i.e. {fi, a) 7^ 0, then a ^ A(ai). 

(ii) [3 ^ a: If a — /3 ^ A, then [eQ,,e_^] = (no constraints). Otherwise, if a — /3 G A, then 
[ca, e-p] = faf^ea-fi, where fa/s 7^ 0. Thus, a - (3 e A(go,+) iff e^-/? ao iff a A(ai). 

Defining Ti = {a G A(0i) | {fi, a^) ^ 0} and T2 = {a e A(0i) | 3/3 G A(0i) with a - /3 G A(0o,+)}, 
we have A(oi) = A(gi)\(ri U 7^). 

Now use the go,o-iiiodule decomposition (13. 3p . By Schur's lemma, for each 0i-,a, either Qi^^a C Oi 
or ai n gi-^A = 0. Thus, it suffices to test the lowest root in A(gi-^A)- Fix i G / and suppose A > 
(i.e. at least one entry of A is positive), and let a G A(gi.^^) be the lowest root. Since A > 0, a is 
not the lowest root of A(gi-), i.e. a ^ ai. However, since gi. is an irreducible go-module, there is a 
sequence of simple roots in A(go) (possibly repeated) such that 

" - "ii - ••• - "im = "i, jfc G {1, •■■,^}\/, ^ = rank(g). 
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and a — aj^ — ... — aj^ G A for 1 < k < m. In particular, P = a — aj^ G A(gi). Since a is the 
lowest root of A(gi-_yi), then ji G and aj^ G A(0o,+)- Hence, a G 72, so A(gi.^^) C T2. Thus, 
A(ai) = A(0i)\(7i U 72) C IJ-g^ A(gi._o)- For the A = case, the lowest root of A(gi-_o) is Oi, and 
clearly oii^Ti. We have z ^ iff G Ti- Thus, claim (b) follows from: 

(3.4) A(aO = U A(si^,o). 

Let j > 2 and 7 G A(aj) C A(gj). Then 7 = a; + /3 for some a G A(gj_i) and /3 G A(gi), since gi 
is bracket-generating in g+. By definition, = {X G g^ | [X, g_i] C cij-i}, so a = 7 — /3 G A(aj_i). 
Since a is graded, then [a-,-, a_(j_i)] C ai, so /3 = 7 — a G A(ai). Using (b), we obtain (c). □ 

Theorem 3.2.6. // g is complex semisimple, p C g a parabolic subalgebra, — /i is a p-dominant 
weight with 7^ 0, and = a(/i), i/ien 

(a) Oi generates all brackets /or j > 1 . 

(b) A(a,) = {a G A(g,) | = j, Zj^{a) = 0} /or j > 1. 

Proof. The base case j = 1 is trivial for (a), while for (b) it follows from part (b) of Lemma [3.2. 51 
Assume the induction hypothesis for both (a) and (b) for 1 < j < r. By part (c) of Lemma [3.2.5[ 

(3.5) A(a,+i) C A(a,) + A(ai) C {a G A(g,+i) | Zi^{a) = r + 1, Zj^{a) = 0} =: 

Conversely, let 7 G Sr+i and (3 G A(gi). If a = 7 — /3 G A, then a G A(gr). Since Zj\i^X'y) = 0, 
then Zj^{l3) = 1 and Zj^{f3) = 0, so /3 G A(oi). Thus, Zj^{a) = r and Zj^{a) = 0, so by the 
induction hypothesis, a G A(ar), and 7 G A(a.,.+i). Hence, the inclusions in fl3.5p are equalities. □ 

To the data (g,p,/i) when 7^ 0, we associate a reduced geometry (g, p) via the following recipe: 



Recipe 6. On P(g,p,/i), remove all nodes corresponding to I\Ifj. and J^, and any edges con- 
nected to these nodes. In the resulting diagram, remove any connected components which do not 
contain an node. This defines the Dynkin diagram ©(g, p) for the reduced geometry (g, p). 



It is clear that the data A(a+) for (g,p,/i), and A(g_,_) for (g, p) naturally correspond. We use 
Recipes [H [5l and[6]to compute dim(g_), dim(ao), and dim(a+) respectively; their sum is dim(a). 

Example 3.2.7 (Es/Ps). Prom lKKE. = 0, so a+ = 0. Hence, dim(a) = 57 + 90 = 147. 

Example 3.2.8 {Ai/Pi x Ai/Pi). Let us ornament indices in the first and second factors by primes 
and double primes, respectively. Consider the Type II case where w = {!',£"), X' := Xi' + Xe (i.e. 
the highest weight in the first Ai factor) and fi = —w ■ A'. Then is 

-3 20001 00001-2 

V_^^,.A' K V_<,^„.0" = X * o 0---0 * K o o o o---* X. 

Since I^ = 0, then a(/i) has no positive part. We have p°P = pi/^(£_i)/ x p(£_i)// C Ai_i x Ai_i, and 
dim(a) = dim(g_) + dim(ao) = dim(g_) + 1 + dim(p°P) 

= 2£ + l + ^{f - 1 + 2 + - 2)2 - 1) + _ 1 + 1 + (£ _ 1)2 _ 1) 

= 2i + i + {f -2e + 2) + -e) = 2e^ -i + 3. 

Example 3.2.9 {Cq/Pi^2,5, w = (21)). Applying Recipe\Eto Example \3.2.S\ we obtain: 
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Since (g,p) is 2-graded, dim(gi) = 5, and dim(g2) = 3, then dim(ai) = 5 and dim(a2) = 3. Indeed, 

A(ai) : «!, as, 0:4 + 05, as + «6, 0:4 + as + ae; 
A(a2) : 20:5 + ag, a4 + 20:5 + ae, 20:4 + 2a^ + uq. 

We have dim(g_) = i(dim(C6) - 3 - dim(A2 x Ai)) = |(78 - 3 - 11) = 32. Smce p°P = pi x C 
A2 X Ai, then dim(ao) = 2 + dim(p°P) = 11. Thus, dim(a) = 32 + 11 + 8 = 51. 

In fact, this last example is rather exceptional - in Theorem 13.6.11 we show that if g is simple, 
and when w G Wl{2), then for a{w), we have 02 = almost always. 

3.3. Prolongation-rigidity. 

Definition 3.3.1. If q is complex semisimple and — /i is p-dominant, then (g, p, /i) (or (g, p, w) with 

= —w ■ Ag if g is simple) is prolongation-rigid (PR) if a^l = for any nonzero G V^. Here, 
is not assumed to have positive homogeneity. Otherwise, it is non-prolongation-rigid (NPR). If q 
is real or complex, (g,p) is PR+ if a'^ = for any nonzero (p G if^(g_,g). Otherwise, it is NPR+. 

Remark 3.3.2. The following observations are immediate: 

(1) (g,p) is PR+ if and only if (g,p,/i) is PR for all C if|(g_,g). 

(2) Any Yamaguchi-rigid (g,p) has if^(g_,g) = 0, so is (vacuously) PR+. 

(3) If (g,p) is real and is NPR+, then its complexification (gc,Pc) will also be NPR+. 

Let g be complex semisimple. An immediate consequence of (13.41) is: 
Corollary 3.3.3. // — /i is p-dominant, then (g,p,/i) is PR iff I^ = 0. 

Equivalently, in terms of our augmented marked Dynkin diagram notation. 



Recipe 7. (g,p,/i) is PR iff V{q,p, fi) has no squares. 



Example 3.3.4 (Ga/Pi). From ExamplelKEM Wl{2) = {(12)}, and (12) ■ A2 = >##^ . The 
coefficient over the cross is nonzero, i.e. no squares, and so G2/P1 is PR^. 

Example 3.3.5 (F4/P1 2). Since -F4/P1 2 is Yamaguchi-rigid (see Theorem \2.6. 3) . it is PR+. How- 
ever, w = (21) G W'P{2)\Wl{2) gives w ■ \i = X — ><t^4 o , so the triple (g,p,w) is NPR. Its 

reduced geometry is Ai/ Pi, so a = a{w) has 1-dimensional a+ = ai. 

Now restrict to /i = —w ■ A, where A is the highest weight of a simple ideal in g and w = (jk) G 
Vrf(2). Let Ta := (A,q;^) and i G /. Then i G is equivalent (using (12. Sp and Recipe |3]) to 

(3.6) = - {rj + l)cji - {rk + l){cki - CkjCji), 

where i,j G /, and A; G (/ U A/'(j))\{j}. Note > for all a since A is g-dominant. Hence, 

• If z = j, then Cji = 2 and Ckj < (since k ^ j). So (13. 6p implies = -|- 2 — (r^ + l)ckj > 2, 
a contradiction. So assume i j below, i.e. Cij, Cji < 0. 

• If k E M{j)\I or i,j, k E I are distinct, then Cki, Ckj < 0, so (13.61) implies 

= jj^-{rj + l) Cji - (rfc + l){ cki - CkjCji ) =^ Vi = Cji = Cki = 0. 

>o >i <o >i <o 

• If k = i, then (13. 6p implies (r, + 1)(2 — CijCji) = ri — {rj + l)cji > 0. Thus, < CijCji < 2. 
This forces CijCji = 1, so Cij = Cji = —1, and (13. 6p reduces to = 0. 



20 B. KRUGLIKOV AND D. THE 

Summarizing, (13. 6p is equivalent to: 





r (a): 


/ 


>2, 


i,j G / distinct. 


k e Afij)\I, 


= n = Cji = Cki] or 


(F.l) 


(b): 


/ 


>3, 


i,j,k G / distinct. 


T>i Cji 


Cki] or. 




. (c): 


/ 


>2, 


i,j G / distinct. 


h 2, Cij 


Cji 1, Tj 0. 



Proposition 3.3.6. Let g be complex semisimple and A the highest weight of a simple ideal in g. 
Let w = (jk) G W'^{2) and /x = —w ■ X. Then (g,p,/i) is PR if: (a) |/p| = 1, or (h) Jp = {j, /c} and 
Cjk = 0. 

Proof. In both cases, it is impossible to satisfy f IF.ip . □ 
Now, impose regularity (12. 9p in each case to obtain: 



(F.2) 




Z{X) < Tj - (rfc + l)ckj] 
Z{\) <rj + {rk + l){l-Ckj); 
Z{\) < 2{ri + 1). 



Example 3.3.7. Suppose g = g' x g" is the decomposition into simple ideals, with Ipi ^ 0. // 
w' = {j'k') G W^. (2), then (g, p, —w' ■ Ag/) is NPR (provided Ip/> ^ Namely, choosing i G /p", we 
can satisfy both flF.ip /^a) and ^¥.2^ (a). The cohomology component corresponding to (g,p, — w'- Ag/) 
lies inside if^(g'_, g') KIC, so 3 g" ■ Thus, in the general semisimple case, (g,p) is always NPR^. 

If g is simple, the NPR+ condition on (g, p) is restrictive. In particular, since the highest weight 
Ag is also the highest root, then Ag = Yla=i ^aC^a with nia > 1, so we must have |/| < 2'(Ag). 

Corollary 3.3.8. Let g be complex simple. Then (g, p) is PR+ if: (a) g is 1-graded; (b) g has a 
contact gradation; or (c) q is a Lie algebra of exceptional type. 

Proof. All Yamaguchi-rigid (g, p) are PR_|_. By Proposition 13 . 3 . 6] consider those Yamaguchi-nonrigid 
(g, p) with p neither maximal nor p ^ pj k for Cjk = 0. Among 1-gradings and contact gradings, this 
leaves ^2/^1,2 (see Theorem 12.3. ip . and among Lie algebras of exceptional type, this leaves 6*2/-^!, 2 
(see Theorem EESD- Both fail (iFl]) . □ 

Hence, over R or C, almost all known gap results, cf. Table IH have been for PR_|_ geometries. 
(We note C2/Pi,2 also fails (IF.ip .) The only exception is pairs of 2nd order ODE (^3/-Pi.2) which 
is NPR+ (Section l5.3p . In the next section, we classify all NPR+ (g,p) when g is simple. 

3.4. Classical flag varieties. We now analyze (IF.ip and (1F.2P from Section [373] when G / Pj is 
a classical complex flag variety (so G is a classical complex simple Lie group), and \I\ > 2. Our 
labelling (a), (b), (c) below corresponds to the cases in f IF.ip and ( \F.2\i . Note that we only list G/P 
up to Dynkin diagram symmetries, e.g. Di/Pi^i = Di/P^. 

3.4.1. Bi or Di case. Here, Ckj G {0, —1} iff g = D^. Also, < + < 1 (since j 7^ k) usin^ 

, . ^ f ai + 2^2 + ... + 2a^, Q = Bi> (£ > 3); 

^ ' ' \ ai + 2a2 + ... + 2a^_2 + a£_i + a£, g = A (^ > 4). 

(a) Assume Ckj = —2, so g = i?^ and {k,j) = {i — From fIF.ip . Cki = 0, so £ > 4, Vj = 

Tk = 0. From (Q, |/| = Z{X) = 2, which contradicts ([32D. Thus, Ckj G {0,-1}. Then 
— {fk + l)cfcj < 2, so from flF.2p . |/| = Z{X) = 2 and exactly one of j, is 2. If g = Bi or 



j = 2, then Z{X) > 3, so g = and A; = 2 ^ /. Hence, Z^^/Pi/, £ > 5; w = (12); i 



We treat B2 = C2 together with the general Ci case. 
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(b) Assume g = B^. From (IF.2I) . |/| > 3, so Z{X) > 5. But since < + < 1 and Ckj < — 1, 
then + (rfc + 1)(1 — c^j) > 5 only if rj = 0, = 1, c^j = —2, and hence (A;, j) = (£ — 1,£). 
From f IF.ip . c^j = 0, so £ > 4, rj = = 0. From (IF.2p . ^(A) = 3, a contradiction. 

Thus, Q = Di. Assuming Vj = 1, then = and flF.2l) imphes | J| = ^(A) = 3. But j = 2 G /, 
so by (13. 7p . Z{X) > 4, a contradiction. Hence, = 0, and flF.2p imphes = 1, Ckj = —1, and 

3 < |/| < Z{\) < 4. From (ETD, / = {1, 2, £}, so: | A/Pi,2/, i > 5; w = (12); z = f 

(c) Assume rj = 0, so from (]F.2p . |/| = 2'/(A) = 2. Using (13. 7p . this is impossible given Cj 



by dEIl). Thus, 



5,/Pi,2, £ > 3; = (12); t = 2 



1, and 2 < |/| < Zi{X) < 4. Keeping in mind ctj 
and 



■1, we have: 



5,/P2,3, ^>4;w = (32);z = 2 



and 



A/Pi,2, ^ > 4; «; = (12); 2 = 2 



A/P2,3, ^>4;u; = (32);z = 2 



/^£/Pi,2/, ^ > 5; = (12); t = 2 



Also, 



Da/Pi,2a, w = (12) or (42); i = 2 



3.4.2. d case. Here, Cfe^ G {0, -1, -2} with c^^ = -2 iff (A;, j) = (£,£- 1). Also, < + < 2, 
(3.8) A = 2Ai = 2ai + ... + 2a^_i + a£ (£ > 2). 

(a) Assuming c^j = —2, then (A:, j) = (^, ^ — 1)- Since i, j. A; are distinct, Cji = 0, = 0, then £ >5 
and r^- = = 0. From (Q, |/| = ^(A) = 2, but j G I\{i} (distinct) implies Z{X) > 4 
(contradiction). Thus, Ckj = -1. From (Q, (|3lD, |/| = 2, Z(A) = 3 w ith j = 1 or A; = 1. 

(a) (j. A;) = (1, 2): Since Cki = 0, then 



(b) {k,j) = (1,2): Since Cji 
(b) Assume Ckj = —2, so {k,j) 



0, then 



Ce/Pi,e, e>4;w = (12); 2 = i 



Ce/P2,e,i>4:;w = {2iy,t = i 



0. From (1^2]) . 



Cfcj = yields |/| 



(£, — 1) and since = c^j = Cki = 0, then 2 < i < £ — 3, and 
Z{\) = 3, but then Z{X) > 5 by (13. 8p (contradiction). Similarly, 
Z{X) = 3 and the same contradiction. Thus, 

% = -l, 3< |/| <Z(A) <r, + 2(rfc + l), 

with either (j, k) = (1, 2) or (2, 1). In the former case, Z{X) < 4, but for |/| > 3, Z{X) > 5, a 
contradiction. Thus, (j. A;) = (2, 1) and Z{X) < 6, so |/| = 3. Keeping in mind Cji = Cki = 0, we 

have: 



Ce/Pi,2,s, with A<s<i,w = (21), i = s 
(c) Since aj = —1. then i > 3. From (IF.2P and (1375]) . we cannot have r, 
I\ < Z{X) < 6 and hence |/| < 3. Since Cij = Cji = —1, then j = 



2 < 
(a) 

(b) 



= 0. Thus, Tj = 2, i = 1, 
2. Two possibilities: 



Ce/Pi,2, e>3;w = (21); 2 = 1 



Ci/Pl,2,s, S<s< 



w 



(21); 2 = 1 



2. Since r,- = 



3.4.3. Ae case. Here, Ckj G {0, —1} and < rj + Vk < 2 (since j 7^ k) using 

A = Ai + A£ = ai + ... + (^ > !)• 

(1) We have £ > 3 and Ckj = -1, so from (EH), 2 < |/| = Z/(A) < + + 1. 

(i) Vj = 1: We may take j = 1, so A; = 2 ^ /, = 0, and |/| = Zj{X) = 

and Cji = Cki = 0, then ^ 

(ii) = 0: We have 2 < \I\ 
1 ^ /, and j = 2 < 

(2) From (O}, 3 < |/| = Z,(A) < r,- + (r^ + 1)(1 - Cfc^^ 

(a) Ckj = 0: We have i > 3 and |/| = Zi{X) = 3 with r^- = Vk = 1, so we may take (j. A;) 
(1,£). Recalling Cjj = Cki = 0, we have: 

(b) Ckj = —1: We cannot have Vj = = 0, nor Vj = 



1. Since Cji 



Ai/Pi,s, 4 < z < < 


^- 1; w = (12); i = s 




2, so rfc = 1 and 


I 


= 2. We may take k 




A£/P2,s, 4 < S 


< 


i-l;w = (21); i = s . 



Ai/Pi,s,e,S<s<i-2- w = {!,£)■ z 



1 (since i > 3). Recalling 



0, 
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(i) (r,-,r,) = (l,0): |/| = 3, 

(ii) {r„n) = {o,iy. 

(A) |/| = 3 

(B) |/|=4 
(3) From (jEH) and ( 1^2]) 



Ae/Pixs, 4:<s<i-l;w = (12); i = s 



Ai/Pi,2,s, 4:<s<e-l;w = (21); i = s 




Ae/Pi,2,s,t, 4:<s<t<i; w = (21); i = soTi = t<i-l 



(a) n = 0: |/| = 2, 

(b) ri = l:2<\I 

(i) |/| = 2 

an i/i = 3 



-1, = 0, 2 < 



. Zj{X)<2{r, + l). 

Ae/Ps,s+i, 2<s<£-2; w = (jk), i = k with {j, k} = {s,s + 1} 



< 4. 



Ai/Pi,2, i>3;w = (21); I = 1 



^^/Pi,2,s, 3 < s < £; ^ = (21); t = 1 



Ae/Pi,2,s,t, 3<s<t< 



w 



(21); 2 = 1 



(iii) |/| = 4: 

We summarize our classification in Table [61 (More detail is given in Appendix [Bl) 



G 


P 


Range 


Ai 


Pl,2 


i>3 




Pl,2,s 


3<s<e 




Pl,2,s,t 


3< s <t<i 




Pi,s,e 


3<s<£-2 




Pi,i+l 


2<i<i-2 




Pi. 


4:<i<i-l 




P2, 


A<i<l-l 




Pl,2 


(i>3 




P2,3 


£ > 4 



G 


P 


Range 


Q 




i>3 




Pi/ 


£ > 4 




P2/ 


£ > 4 




Pl,2,s 


3<s<i 




Pl,2 


i> A 




Pi/ 


i>5 




P2,3 


i>5 




Pl,2/ 


i>A 



Table 6. Classification of NPR+ geometries G/P with G simple 



3.5. Nested parabolic subalgebras. We use the notation of Section 12.71 For nested parabolic 
subalgebras q C p C (so Jp C /q), we have f l2.1Up and f l2.1ip . 

Theorem 3.5.1. Let q be complex semisimple. Let q G p G g be parabolic subalgebras, and let A be 
the highest weight of a simple ideal in q. Let w G W^{2) G W'^{2) and fi = —w ■ A. Choosing root 
vectors in g, define 0o is in { \2.7\i . Let a = prS(p_, annpo(0o)) o,nd b = pr3(q_, annqi,(0o)); which are 
respectively Zj^-graded and Zj^-graded. Then as Zj^-graded Lie algebras, a = b C 0. 

Proof. Write w = {jk) G W'^{2) G W\2), so by Recipe ^ k ^ j e 1^, and if Ckj = 0, then k G /p. 
We always have q C p C pj C g, but if Ckj = 0, we also have q C p C pj^k C Q. Hence, it suffices to 
consider either p = pj if Ckj < 0, or p = pj^k if Ckj = 0. We assume this below. 

By Proposition I3.3.6[ (g,p,/i) is PR, so a = p_ © ao- Thus, = 0. We know p_ C q_, and by 
Recipe [5l ker(/i) C ao H bo. Let us show A(ao) C A(b). Given a G A(oo), we have Zi^{a) = and 
Zjp{a) < 0. Since q_ © qo,<o C. b, we may assume a G A(qo,+ © q+) C A+, hence Zjp{a) = 0. (The 
nonzero coefficients of a root must all have the same sign.) Since JP = U (/q\(/p U J^)), then: 

(i) Zj^{a) = 0. Thus, a A(qo,+), so a G A(q+), i.e. r = Zj^{a) > 0; 

(ii) ^/,\{^pu/;;)(a) = 0. Since Zj^{a) = 0, then Zj^\j,{a) = 0. 

Therefore, r = Zp^{a) > 0. By Theorem [12J1 a e A{br). Thus, ao C b. Hence, a C b. 
Conversely, let a G A(b). We show that a G A(a). We have three cases: 

(i) Zj^{a) < 0: Then a G A(p_) C A(a). 
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(ii) Zi^{a) = 0: Assume Zjp{a) > 0, so Zj<t{a) > since C J^. Hence, a G A(b>o), so by 
Theorem 13211 Zj^ia) < 0. Thus, ^j^(a) = and ZjP\j,{a) > 0. Since JP\J;| C /q\/;i, then 
Zj^\jq(a) > 0. But by Theorem 13.2.61 ZJ^\J^{a) = 0, a contradiction. Thus, Zjp{a) < 0, so 
a G A(ao). 

(iii) Zi^{a) > 0: Since Jp C Iq\I^, then Zj^\j<i(a;) > and a G A(b+). But the latter imphes 
Zj^\jq(a) = by Theorem 13.2.61 a contradiction. 



Thus, b 



a. 



□ 



Example 3.5.2. Consider w = (21) for Aq/P2, Aq/Pi^2, ^6/-Pl,2,4; awe? A6/-Pi,2,4,5- -^w eac/i case, 
G PV^(2), and the grading on a{w) is given below. (Diagonal entries are suppressed.) In all four 
cases, we obtain the same (Z2-graded) Lie algebra a{w) G Aq = 517(C). 
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As /Pi, 



3.6. Prolongation height. The depth of the Z-grading on a is the maximal z/ > such that 
a_i^ 7^ 0. The height of the Z-grading on a is the maximal z/ > such that 7^ 0. 

Theorem 3.6.1. Let q be a complex simple Lie algebra, p C g a parabolic subalgebra. If (0,p) is 
NPR+, then the height of a = a{w), where w G Wl{2), is always z> = 1, except for 



Label 


G/P 


Range 


w G Wl{2) 


Jw 


Iw 


NPR-A 
NPR-C 


Cll Pl,2,s 


4:<S<t<£ 

4<s<i 


(21) 
(21) 


{3,n 
{3} 


{l,S,t} 
{1,4 



In these two exceptional cases, v = 2 and 





dim(ao) 


dim(oi) 


dim(a2) 


(A): 
(C): 


(s - 3)(s - 2) + (t - s)^ + 2 + (£ - t)(£ - t + 1) 
2 + (s - 3)(s - 2) + (£ - s){2l - 2s + 1) 


l + (t-s)(£-3-t + s) 
l + 2(s-3)(£-s) 


(s-3)(£-t) 



Proof. Examine Tables [15] and [161 Except for NPR-A and NPR-C, (g, p) is always 1-graded, so 
02 = 0. For NPR-A and NPR-C, (g, p) is 2-graded, so as = 0. The remaining data listed above is 
calculated using the Dynkin diagram recipes. □ 

If we remove the regularity assumption, higher prolongations can exist. 
Example 3.6.2. For £ > 5, consider AnjB = Ai/Pi^2,...,e CLnd w = (21). This yields 

0-43 



3 



1 



homogeneity = 5 — 



Thus, Ju, = %, Iw 



{1,4,5, ... ,£-1}, so g/p = Ai/Pi X A£_4/Pi,...,^_4. Note v = i, while v = £-4. 
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4. SUBMAXIMAL SYMMETRY DIMENSIONS 

Define the suhmaximal symmetry dimension (3 as the maximum dim(inf(^, w)) among all regu- 
lar, normal G/P geometries {Q A M, w) which are not locally flat. ( Equivalent ly, G maximizes 
dim(iS), where S is the symmetry algebra of an underlying structure which is not locally flat.) 

4.1. Filtration and embedding of the symmetry algebra. Let us review some known results. 

Cap [8], Cap-Neusser [9J: Let {Q A M,uj) be a regular, normal G/P geometry. Let u ^ Q, and 
X = n{u). The map ^ h-> ijj{^{u)) defines a linear injection S := inf(^,w) ^ Letting f{u) C Q 
denote its image and k the curvature function, the bracket on inf{Q,ijj) is mapped to the operation 

[X,F]f(„) ■.= [X,Y]-K^{X,Y) 

on f(u). The filtration on g restricts to f(u), and by regularity, f{u) is a filtered Lie algebra (generally 
not a subalgebra of g). The associated-graded 

s(n):=gr(f(n)) = 0f(n)/f+iHcg 

i 

is a graded subalgebra. (Note that gr(g) = g.) Moreover, 5q{u) C ann^Kniu)) C gg |,9, Proof of 
(3) in Corollary 5]. Though stated for bracket-generating distributions, their argument works in 
general: Given G inf(^,Ci;), if Y = a;(^(n)) G p, then the curve (pt{u) = u ■ exp(ty) has vertical 
tangent vector ^{u) = C,y{u) = ^|^^q V^t(^i)- By P-equivariancy of kh, 

d 



I^H{.Vt{.u)) 
t=0 "''^ 



exp(-tr) ■ {kh{u)) = -Y ■ {kh{u)). 



t=0 



Complete reducibility of if^(g_, g) implies that this action depends only on Y mod p_|_ G p/p+ = go- 
lf hh{u) 7^ 0, Kostant's theorem (see Recipe E]) yields a bound on dim(so(M)). 

Remark 4.1.1. For non-fiat geometries. Cap & Neusser bound dim(inf(^, w)) via the maximum 
dimension of any proper graded subalgebra b C g with dim(bo) no larger than the Kostant bound. 
However, this strategy lacks finer information about the annihilating subalgebra, i.e. they use fl2.13p . 
while we will additionally use f l2.12p . Thus, in general, their upper bounds will not be sharp. 

The filtration of g induces a P- invariant filtration {T*^}^^_j^ of TQ, and a filtration of S: 

(4.1) S{xy = {^eS\ e(n) G T^g, \/u G 7i-\x)}, -v<i<v. 

This projects to a filtration {iS(x)*}JL_j^ of the symmetry algebra S of the underlying structure on 

M. We have ujJyS{xf^ = f{uy, and s(m) = gr(f(M)) = gr(iS(x)) =: s(x) are canonically isomorphic. 
For bracket-generating distributions (not necessarily underlying parabolic geometries), a filtration 
{S{xy} of S was constructed in [29]. We summarize its definition and properties below. 

Kruglikov [29j: Let {D^}^J:_j^ be a filtration of TM, with D := D^^ bracket-generating and 
suppose each has constant ran Given x G M, gi{x) := Dl/D'^^^ for i < 0. The Tanaka 
prolongation g(x) = pr(g_(a;)) has Qi{x) ^ Hom((8)*"'"^g_i(a;), g_i(a;)) for i >0, cf. Remark r2.1. 2 [ 

Letting ev^. : S — > T^M be the evaluation map, define S{xy := ev~^(D*) for i < 0, and 5(x)° : = 
ker(ev2:). Inductively, for i >0, given X G iS(x)*, there is a map "^^^^ ■ ®^^^Dx — > T^M given by 

*^i(Fi, . . . , y,+i) =[[... [[X, Yi], Y2] , . . . ] , Y,+i] (x), 

where Y^ G r(P') and Y,j{x) = Yj. Moreover, im(^^^) C D^. Define 5(x)*+i := {X G 5(a;)^ | 
= 0}. Then S = S{x) is a filtered Lie algebra, and Sj(x) gi(x) via Xmod 5(x)*+^ i-)- \E'x^- 



'^They state this for the global automorphism algebra aut(C/,w), but it is established for inf{Q,uj) in their proof. 
^These conditions hold for underlying structures of parabolic geometries. 



THE GAP PHENOMENON IN PARABOLIC GEOMETRIES 25 

There is a filtratior0 on C°°(M) by ideals /x^. Let fil = {f e C^{M) \ f{x) = 0} and for i > 0, 

fil^' = {fe C^{M) I (Yi ■ ■ ■ Yi ■ = 0, VY, G T{D), 0<t<z}. 

For any Y G r(_D), we have Y ■ C /i^. Let {Zjfc}j=i ,^ be a local framing near x with 

Zj-fc G r(L)-^)\r(D-J-i). Let X G 5. Then 

(4.2) z>0: X = Y,fjkZ,keS{xy iff G Vj, fc. 

The "only if" direction is proved in [221 Lemma 1], while an easy induction establishes the converse. 
Example 4.1.2 {G2/ Pi)- Consider D spanned by dg and '■= + pdy + qdp + {p^ + q'^)dz- Then 

S : Xi = dx, X2 = dy, X3 = dz, X4 = X(9^ - ydy - 2pdp - 3qdg - bzd^. 
At uo = (xo, yo,Po, "Jo, -2^0); the dimensions of Si = Si(uo) are 

S_3 S_2 S_i So 



Qo^O orpo^O 
qo=Po = 



2 110 
2 11 



When Po = qo = 0, 5(uo)° is spanned by T = X4 — XqXi + 1/0X2 + 5^0X3. Writing T = J2j k fjk^jk 
m the framing (Zn, Z12, Z21, Z31, Z32) = 4, dp + 2g(92, dy, d^) shows fjk G /i^, so T ^ 5(uo)^ 
A^'ote [T, dq] = 3dq, which at uo is not contained in s_i. Thus, [so, 0-i] ^ s_i w/ien po = = 0. 

Remark 4.1.3. The above results in Kruglikov's approach still hold if D admits additional structure. 
In the parabolic case, Kruglikov's filtration {S{xy} agrees with that of Cap-Neusser, and (14. 2 p gives 
a means to compute it explicitly. Henceforth, we will mainly rely on the Cap-Neusser presentation. 

4.2. A universal upper bound. 

Definition 4.2.1. We say that x & M is a regular point if there exists a neighbourhood G M of 
X such that for —v <i<v, dim(Sj(?/)) is a constant function of y G N^. Otherwise, x is irregular. 

We have a tower of bundles G =: ^ ■■■ ^ Go ^ M, with Qi = G / P'^^ = g/exp{Q'+^), 
projections Pi ■ Q ^ Qi and VTj : — )■ M, where i = — l,...,z/. (If i = —1, let p_i = vr, i.e. the 
projection to M.) Given any ^ G X{Q)^, let ^^'^^ = (pi)*^ G 3C{Qi). By P-invariancy, S descends to 
S^^^ C X{Qi)^^^+ . Given x G M, the filtration S{x) projects to a filtration (S^*^(x), and from (14. ip . 
5«(x)^+i = G 5« I ^^'\ui) = 0, Wu, G 7r,r^(x)}. Thus, for any m G 7r-^(x), C T^.Gi 

has dimension dimiS — ^J^.^-,^ dimSj(x). If x is a regular point, then iS*^*-* yields a constant rank 
distribution on a neighbourhood of 7i~^{x) C ^j. By the Frobenius theorem, there exist local 
rectifying coordinates and a local foliation by maximal integral submanifolds of S^^\ We use this 
to prove the following "filtered" generalization of a result of Morimoto [32| Proposition 4.1]. 

Proposition 4.2.2. Let x & M be a regular point. Then for any i, [5j+i(M), g_i] C 5i{u). In 
particular, fori > 0, the i-th graded component of pt^{q-,Sq{u)) contains Si{u) . 

If S is transitive at x, i.e. eVx{<S) = T^M, then [Sj+i(a;), 0_i(a;)] = [Si+i(a;),5_i(x)] C 5i{x) 
immediately follows since s(x) is a graded Lie algebra. Equivalently, [5i+i(n), C Sj(n). 



Example 4.2.3. In Example 4-1-2, the regular points are precisely those with p^ ^ or qo ^ 0. At 
all irregular points, the first claim of Proposition \4-2.S\ fails. 
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In the complex setting, we replace C°°{M) by the algebra of germs of holomorphic functions about the point x. 
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Proof of Proposition \4.2.^ Suppose i > —1. For any ^ G iS = inf{Q,u) and 77 G X(^), we have 
= iC^co)iri) = ^ ■ uj{r]) - a;([^,r/]). Let ^ G S{xy+\ and G T{T~^gy. Let m G 7r-i(x), 
so X = u}{^{u)) G f(u)*+^ C g*+\ and F = u}{r]{u)) G g"^ Since i > -1, then X G p, so 
X = u{(x{u)), where (x is a fundamental vertical vector field. By P-equivariancy of u}{ri), 



uj{ri){u-exp{tX)) = -[X,Y]. 



t=o 



In particular, since [X, F] G g', then [^,ri]{u) G T^^. 

Let Ui = Pi{u) G ^j. Since ^ G iS(x)*"'""'^, then ^^''\ui) = 0. Since x is a regular point, there exist 
local (functionally independent) functions Fi, ...,Ft- on Qi (smooth in the real setting or holomorphic 
in the complex setting), where = dim^j — dimSj(a;), whose joint level sets define the local 

foliation by maximal integral submanifolds of S^^\ In particular, for our ^ G S{xy~^^, we have 
^« ■ Fj = for J = l,...,ti,^and since ^^^{ui) = 0, we have ■ Fj){ui) = 0. Thus, 

[^(0^ j^(«)](^.) g S^'^^lui = {Pi)*{<S\u) is tangent to the foliation. Since any element of S is uniquely 
determined by its value at u, then [^^*\ ?7*-*-'](Mi) = C,'^^\ui) for some ^' G S. Equivalently, 

Hence, u{[^,v]{u)) G f(n)^ + g^+i. Thus, [f{uy+\Q-'] C f(n)^ + 0^+i, so [Si+i(M), 0_i] CSi{u). 

Now suppose z < —2. Since x is regular, then -D^ly := -D^ H^lj^, j < —1, define constant rank 
distributions near x. Let X = ^. fiXi G r(D^+^) where {X^} is basis of S. Given Y G !(£)), 

[X, Y]{x) = /i(a;)[X„ Y](x) - (Y ■ fi){x)Mx) G {D, + s^) n 

i 

Quotienting by Dl^^ D D^. implies that with respect to the Levi bracket, [Sj+i(a;), 0_i(a;)] C Sj(x), so 
[Si^i{u), g_i] C Si{u). The second claim immediately follows from the first and Definition 12.3.31 □ 

Lemma 4.2.4. The set of regular points is open and dense in M. 

Proof. For —u < i < define : M — )■ Z by q~{x) = dim 5^(0;) and q^{x) = dim 5 — 

q^{x) = dim5(x)*+^ = Yl'j=i+i dim Sj(a;). Then q~ is lower semi-continuous because linear indepen- 
dence of \ . . . ,^s^ G 5*^*^ at Ui G Qi persists near Wj. Hence, q^ is upper semi-continuous. Given 
U C M, define rriiiU) = {x E U \ q^{x) < qfiy), \/y E U}. Upper semi- continuity implies that if 
7^ f/ C M is open, then flS ^ mi{U) C M is open. 

Denote Mq := M, and define iV,+i = o ■ ■ ■ o m^{Mj) and Mj+i = M\{Ni U ■ ■ • U iV,) for 
j > 1. Each Mj C M is open, so Nj+i C M is open; when the former is non-empty, so is the latter. 
Each im{q^) C [0, dimiS] fl Z is finite, so there exists a minimal k > with M^+i = M. The open 
set N = Ni U ■ ■ ■ U Nk is the set of all regular points, which is dense in M since N = M. □ 

From Section [3l a*^ := pr ^ (g_, ann(0)) and ii := max{dim(a'^) | 7^ G -f/'^(0_,g)} < dim(g). 

Theorem 4.2.5. Let G be a real or complex semisimple Lie group and P d G a parabolic subgroup. 
Let {Q A M, cj) be a regular, normal G/P geometry, x E M a regular point, and u G tt'^^x). Then 
s{u) C a'^«^(") is a graded subalgebra, and dim(inf(^, w)) < dim(a'^^(")). Thus, & <ii < dim(g). 

Proof. Using Proposition l4.2.2l and Sn(u) C ann(K/f(-u)), we have s(-u) C g_©s>o('u) C pr3(g_, So('u)) 
C a'^^^"). Thus, dim(inf(^,u;)) = dim(s(u)) < dim(a''«(")). 

If the geometry is not locally fiat, let X = {s G M | kh{u) 7^ 0, Vm G 7r^-'^(a;)}. Then N 
is non-empty and open, so by Lemma I4.2.4[ N contains a (non-fiat) regular point x. Hence, 
dim(inf(^, to)) < dim(a'^«(")) < il for any u G n-\x). Thus, © < il < dim(0). □ 
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Remark 4.2.6. Only [Sj+i(n), 0_i] C 3i{u) for i > was essential for proving Theorem 14.2.51 This 
relied only on local constancy of dim 5 j{y) for j > 0, so our "regular point" definition could be 
weakened. The property [so(^^),g-i] C s_i(m) will be used in proving Theorems 15.1.31 and 15.5.21 

Remark 4.2.7. Over M, (5 < il < He, where Uc is the il for the complexification (gc, Pc) of (s, p)- 

Corollary 4.2.8. Let G be a real or complex semisimple Lie group and P G G a parabolic subgroup. 
For regular, normal G/ P geometries, suppose that & = ii. Then any submaximally symmetric model 
{Q A M,uj) is locally homogeneous near a non-flat regular point x G M. 

Proof. Since (3 = il, any submaximally symmetric model has il = dim(inf(^, w)) = dim(s('u)) < 
dim(a'^^*^")) < il for any u E n^^(x), by Theorem 14.2.5( a). Hence, s{u) = a'^^iu) ^^^^ _ 

gr{S{x)) D Q-, i.e. S is transitive at x, so the result follows by Lie's third theorem. □ 

Remark 4.2.9. By P-equivariancy of kh and complete reducibility of H^{q_,q), fibres of ^ — )■ M 
are mapped by kh into Go-orbits in H^{q^,q). Hence, we can further constrain kh in two basic 
ways, and since regular points are dense (Lemma I4.2.4p . we get analogues of Theorem 14.2.51 

(i) Let 7^ Vj C H^{g_,Q) be a Go-submodule, and define ©«, ilj analogous to &, il, e.g. 
requires im{K,H) C Vj. Then ©j < ilj. In particular, if q is complex semisimple, we have 

< il^t- From Section [3l il^ = dim(a(/i)) is easily computable. 

(ii) Let 7^ (9 C i/^(g_,g) be Go-invariant. Analogously define ilo and &o- Then &o < Ho- 

If either &i = ilj or Qq = ilo, then as in the proof of Corollary 14.2.81 any model realizing the 
equality must be locally homogeneous near a non-flat regular point. 

We will use (ii) in Section 15.1.21 to study the Petrov types in 4-dimensional Lorentzian conformal 
geometry, and in Section [5.5.11 for (2, 3, 5)-distributions with kh having constant root type. 

4.3. Establishing submaximal symmetry dimensions. In this section, we show that in the 
complex (or split-real) case, the upper bound &^ < il^ = dim(a(/i)) (for regular, normal geometries) 
obtained from Theorem 14. 2. 51 and Remark 14.2.91 is almost always sharp. Let us outline the strategy: 
Kostant's theorem (Recipe H]) gives an explicit description of the lowest go-weight vector 0o ^ V/x- 
Using the go-module isomorphism H'^{q_,q) = ker(n) C /\^gl ® g, we have 0o naturally realized 
in /\^ Q*_ (g) g. When im(0o) C a := a*^", we can regard 0o ^ 0- ® ^ ® Now, we deform 
the Lie bracket on a by (pQ. Namely, define f to be the vector space a with the deformed bracket 

(4.3) [.,.]j:=[.,.]-0o(.,.), 

and [■, -jf is indeed a Lie bracket. Since 0o vanishes on p = g>o, then t := a>o is a subalgebra of both 
a and f. We construct a local homogeneous space M = F/K (i.e. F may only be a local Lie group) 
and P-bundle Q = F P with an F-invariant normal Cartan connection u whose curvature is 
determined by 0o- Thus, > dim(inf(^, w)) > dim(f) = dim(a). (In fact, this construction does 
not depend on regularity.) 

Lemma 4.3.1. Let X be the highest weight of a simple ideal in g and w G 1^(2). Suppose that 
w{—X) G A^. Let 00 be the lowest weight vector o/ V_^.a and a := a*^". Define f to be the vector 
space a with deformed Lie bracket (14. 3p . Then f is a Lie algebra. 

Proof. We have w{—X) G = A(g_) U A^(go). All root vectors from A^(go) annihilate the lowest 
go-weight vector 4)0, hence e^(_A) G g_ © ann((/)o) C a. Thus, (f)o = e^^ A e^^(a^) (g) e^(_A) (see ([22D) 
has im(0o) C a, so we can regard 0o E /\^ a* ® a. Note Caj, 60-^(0^) £ g+ — g^l vanish on a>o. 

By Theorem 13.5. H the Lie algebra structure of a is the same if we take p = pj if Ckj < or 
p = pj^k if Ckj = 0. Assuming this, then by Proposition 13. 3. 6[ (g, p, —w ■ X) is PR, i.e. a = g_ © ao- 
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It suffices to verify the Jacobi identity Jacf(x, y,z) = for [-, -Jf. For x,y, z E f, 

[[^^ y]f^ z]f = [[^^ y] - M^^ y)^ 

Since 0o vanishes on ao, clearly Jacj (x, |/, = when at least two of x,y, z E Oq. Suppose x,y E Q- 
and z e ao- Since Jaca{x, y,z) = and z G Oq = ann(0o), then 

3acf{x, y,z) = [z, 0o(a;, y)] - Miz, x],y) - (f)o{[y, z], x) = {z ■ (l)o){x,y) = 0. 

Finally, suppose x,y,z E g„. Since 0o ^ ker(n), it is in particular 9-closed. This means 

(4.4) = {d(t)o){x,y,z) = [x, (l)o{y, z)] - [y, 0o(a;, 2;)] + [z, (f)o{x,y)] 

- 0o([a;,y],2) + 0o(k,2],y) - 0o(b,^],a;), '^x,y,z G 0_. 

This equation uses the bracket on g, but restricts to a since 0o has image in a, and the bracket on 
a is inherited from that of g by Lemma [2.1.5[ Using (14.41) and JaCn(x, y, z) = 0, we obtain 

Jacf(a;, y, z) = MM^^ y),z) + MMy^ z),x) + MM^^ a;), y). 

Since im(0o) is spanned by e^(_A), it suffices to show w{—X) {—Oj, —(Tj{ak)}. If w{—X) = —aj, 
then A = —ak{aj) G A~. Otherwise, if w{—X) = —aj{ak), then A = — ^ ^ • But these 
contradict A G A+. Thus, [■, -jf is a Lie bracket on f. □ 

Let us determine all exceptions: 

Lemma 4.3.2. Let q be complex simple. Let w G satisfy w{—Xq) G A"*". 

(a) If\w\ = 2, then g/p is one of: A2/P1, ^2^1,2, S2/P1, fi2/pi.2- 

(b) If\w\ = 1, then g/p ^ A/pi. 

For S2/pi,2, w(-Ag) G A+ zfw = (12), but not for w = (21). 

Proof. Part (b) is obvious, so we prove (a). Since iyP(2) 7^ 0, then rank(g) > 2. Write w = {jk). If 
w{—Xg) G A+, then w{—Xg) G wA^ fl A+ = = {aj,aj{ak)}. There are two cases: 

(i) w(— Ag) = aj-. Then Ag = cr/^^aj) = aj — Cj^cnk, which is the highest root, so rank(g) = 2. 

(ii) w(— Ag) = (Tj(«fc): Then Ag = a^. Hence, rank(g) = 1, a contradiction. 

For B2/P2, 3!w = (21) G W'^{2), so w(-Ag) = w(-2Ai) = 2Ai - 2A2 = -^2 ^ A+. We verify the 
final claim for B2/ Pi^2 directly. □ 

Remark 4.3.3 (Semisimple case). Part (a) of Lemma [4.3.21 identifies the exceptions for all Type I 
modules. Part (b) indicates that exceptional Type II modules must be associated with factors in 
g/p of the form Ai/pi x g'/p' and w = {l,k'), where the 1 comes from the ffist factor, k' G /p' is 
arbitrary, and A = 2Ai, i.e. the highest weight of Ai. (Note (po = e^^ A e^^, ® e^i, which has weight 
—w ■ X and homogeneity +3.) There are no exceptions associated to Type III modules. 

We ffist establish a result outside the parabolic context: 

Lemma 4.3.4. Let G be a real or complex Lie group, and P G G a closed subgroup. Let f be a 
Lie algebra, t C f a subalgebra, and l : t ^ p a Lie algebra injection. Suppose there exists a linear 
map : f — )■ g such that: (i) 'd\i = l; (ii) 'd{\z,x\^) = [L{z),'d{x)], Wz Et andWx E f; (Hi) ^ induces 
an isomorphism from f/t to g/p. Then there exists a G/P geometry {Q — )■ M, w) with inf(^,Co') 
containing a subalgebra isomorphic to f. 

Proof. Let K and F be the unique connected, simply-connected Lie groups with Lie algebras i and 
f, respectively. There are unique Lie group homomorphisms : K ^ F and ^ : K ^ P whose 
differentials $' : t — > f and \1'' : t — ?■ p are the given inclusions t ^ f and t : t )■ p. 
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Case 1: ^ is injective and ^{K) G F is a Lie subgroup. Define Q = Fx^P = (FxP)/ r^x, where 
{u,p) {u ■ ^{k), \E'(A;^^) ■ p) for any k G K. Tliis lias a natural projection Q ^ M := F/^{K) 
(note ^{K) G F is closed). Since $ is injective, identify K with its image ^{K). Any F-invariant 
Cartan connection a; on ^ corresponds [26], [10] to a linear map i) : f q satisfying (i)-(iii). The 
curvature function of co = corresponds to 

(4.5) K4x,y) = [0{x),^{y)]-mx,y]^) ^x,yef. 

By construction, f C inf{Q,ijj). 

Case 2: $ is not injective or (^{K) G F is not a Lie subgroup. Since $' is injective, then $ has 
a discrete kernel. In place of F in the definition of the Cartan bundle Q in Case 1, we will define 
a semi-local Lie group f/, an inclusion K ^ U as a closed subgroup which acts on the right on 
t/, and such that Lie(f/) = f. ("Semi-locality" will be clarified below.) Then f-invariant Cartan 
connections on^ = UxxP^M:=U/K correspond to linear maps "i? : f — )■ g as in Case 1. 

Let D be a vector space complementary to t in f. Choose two norms || ■ ||o, || ■ ||f on these vector 
spaces and define the norm on the Lie algebra f = © t by the formula \\v + A;||f = max{||t>||t,, \\k\\{\ 
for V e D, A; G Then the balls in these spaces satisfy: Bl = x B\. 

We choose e > so small that the maps exp : B\^ — )• K, exp : — )■ F are injective, exp(i?|^) n 
$^^(lir) = Ix, and we will further specify e below. One of the requirements is that exp -exp : 
X 5' — 7- F is an embedding. This holds for small e because log (exp (ef) exp(efc) exp(— et> — efc)) = 
o(e) by the Baker-Campbell-Hausdorff formula (||f||t) < 1, ||fc||t < 1)) implying that for e ^ 1, 
f/o := exp(5°) ■ exp(5«) C exp(4e) and Uq^ = {g-^ \ g e Uq} = exp(5«) ■ exp(5°) C exp(4e) • 

Let Ko = exp{Bl) G K and Vq = ^Ko) G Uq. Denote := U^^ ■ Uq G F and = 
{Uq nim($))o, where the last zero means the connected component of Ip. We have Vq = ^{Kq) 
for a unique connected neighborhood Kq of Ik- Denote also Kq := Kq ■ Kq. Using the Baker- 
Campbell-Hausdorff formula as above we get Uq G exp{Bl^), G exY){B\^) and Kq G exp(i?5J 
for small enough e. This implies that $ : Kq Vq = Vq ■ Vq G F is an embedding and that 
V^ n Ul = V^. Indeed, from V^ G exp{Bl) we get: log(l^o^ n U^) G i n log{U^) = log{V^) G f. 
Consequently Vq HUq G Vq and the reverse inclusion is obvious. 

Consider the sheaf of neighborhoods {Uk = Uq ■ ^{k)}keK over K. We introduce an equivalence 
relation on it as follows. Take Xi G Uk-^ and X2 G Uk2, i-e. Xi = Ui ■ ^{ki), X2 = U2 ■ $(^^2) for some 
Ml, U2 G Uq. We let Xi ~ X2 iff U2 = Ui ■ ^{ki k^^) and ki k^^ G Kq. 

Let us check that it is an equivalence relation. That ~ is reflexive is obvious and the symmetry 
follows from (Kq)^^ = Kq (Uq)^^ = Uq. Let now Xi ~ X2 and X2 ~ X3. Then U3 = U2-^{k2 k^^) = 
ui ■ ^{ki k^^) ■ <l>(/c2 k^^) = ui ■ ^{ki k^^) and ki k^^ = {ki k2^){k2 k^^) G Kq. On the other hand 
$(A;i k^^) = Ui^us G Uq, and these two imply ki k^^ G Kq. Thus we get transitivity. 

Define U = U^^xUk/ ~. This is a manifold with the chart centered at k given by the embedding 
R<s>{k) : Uq ^ U. Overlap maps are given by the equivalence relation. The group K is embedded 
into U by the formula K 3 k R^(^k)i^F) G Uk ^ U . Indeed, if ~ /c' i.e. Ip ■ ^{k) = If ■ ^{k') 
and k'k~^ G Kl, then ^{k'k~^) = Ip yields k = k'. This implies that topologically U '2^ B^ x K. 

In fact, we can make this isomorphism canonical by strengthening the condition on e (taking it 
possibly smaller). Namely let us require that exp -exp : B^ x B\^ — )■ F is an embedding. Every 
element of [/ can be represented in the form f/^ 3uQ-(^{k) = exp(ef) •$(exp(eK) ■ fc), where ||f||t, < 1 
and ll^llt < 1. We map this element to (et',exp(e/t) ■ k). Independence of the representative follows 
from the above condition on the map exp ■ exp. 

Moreover, t/ is a semi- local Lie group, which means that for any two points ki,k2 G K there exists 
two neighborhoods U'^. G Uk^ containing exp(_B*) ■ ^{ki) in U such that the multiplication (induced 
fromF) acts as f/^^ X f/(,^ -> f/fei-fe C U hj {ui-^{ki))-{u2-^{k2)) = {ui-Ad^(^ki)U2)-^{kik2). Notice 
that ui ■ Ad^^ki)U2 G Uq if ui,U2 G Uq are sufficiently close to Ip. (This condition specifies U'i^_.) 
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Similarly, we impose locality of the inverse along as a map f/^ — ?► f/^-i for some neighborhood 
U'^ C Uk of exp(5*) ■ given by {u ■ ^{k))~^ = Ad^^k-r) u'^ ■ <^{k-^). 

The semi-local Lie group U is naturally homomorphically mapped to F (this is an immersion, not 
necessarily an embedding). The chart ?7i^ ^ U is isomorphically mapped to Uq C F. Therefore 
the Lie algebra of U is naturally identified with f. 

In addition, K "—^ U is a closed subgroup, which acts from the right on U. The orbit of the right 
K-action is given by: K 3 k uq ■ $(A;) & Uk ^ U, uq E Uq. All orbits are isomorphic to K 
and the two orbits either do not intersect or coincide. Moreover (provided we adopt the stronger 
condition on e above) we can represent the orbit uniquely via Uq by claiming that Uq G exp{B°). 
The orbit space is then U/K = Uq/Kq = exp{B°) ~ B°, and this is a neighborhood of the point 
K/K = E B°. Thus we get the local homogeneous space as the desired model. 

Now define the Cartan bundle Q = UxkP={UxP)/ r^^,, where (gi,pi) ~* {Q2,P2) iS q2 = Qi-k 
and p2 = \l/(/c)~^ ■ pi for some k E K. This ^ is a principal P-bundle over U/K ~ S", in particular 
Q Bl X P topologically. We conclude as in Case 1. □ 

Theorem 4.3.5 (Realizability). Let G he a complex semisimple Lie group, P G G a parabolic 
subgroup, A the highest weight of a simple ideal in g, w E W'^{2), and /i = —w ■ X. Suppose 
w{—X) E . Then there exists a normal G/P geometry {Q — )■ M, cj) such that: 

(a) im(/tH) C V^; 

(b) dim(inf(^, w)) > dim(a(/i)); 

(c) the geometry is regular iff has positive homogeneity. 

Proof. Define f to be the vector space a := a(/i) with deformed bracket (14. 3p . Since w{—X) E A^, 
then by Lemma 14.3.11 f is a Lie algebra. Since 0o is trivial on t := a>o, then € C f is a subalgebra. 
Also, t C p = g>o is a subalgebra. Since f = a as vector spaces, and a C g, take t? : f — )■ g to be the 
induced vector sj^ace inclusion. Then (i)-(iii) in Lemma [4.3.41 hold, so an f- invariant G/P geometry 
{Q M, uj^) exists (so (b) holds) with curvature function determined by 

K^{x, y) = [i9{x),i9{y)] - i9{[x, y]f) = [x, y] - [x, y]f = (j)o{x, y), Vx, y E f. 

Since 0o ^ ker(n), then d*(j)o = 0, so {Q — )■ M, w) is normal, and (a), (c) are immediate. □ 

Recall &^ and il^ from Remark [4.2.9[ If g is simple, we also write a{w) := a{—w ■ Ag). 

Example 4.3.6. For B2/Pi,2, Ag = 2A2. Both w = (12) and w' = (21) are PR with dim{a{w)) = 
dim(a(u;')) = 5, so & < 5. Since w'{—\) E A~, then by Theorem \4.3.5[ a model with 5-dimensional 
symmetry exists, so © = 5. This has twistor space type B2/P2 (also non- exceptional) . We will see 
in Section that 5 is not realizable in the w = (12) branch, having twistor type B2/P1. 

For split real forms, notions of roots and weights from complex representation theory are similarly 
defined. All preceding statements and proofs continue to hold. Combining Theorems 14. 2. 51 and 14. 3. 5^ 
Corollary 14.2.81 and Remark 14.2.9^ together with Lemma [4.3.21 we obtain: 

Theorem 4.3.7. Let G be a complex or split-real semisimple Lie group, P G G a parabolic 
subgroup, A the highest weight of a simple ideal in q, w E W^{2), and /i = —w ■ A satisfies 
Z{fj.) > 0. We always have &^ < il^. If w{—X) E or G/P does not contain the factors 
Ai/Pi, A2/P1, ^2/-Pi,2) B2/P1, B2/Pi,2, then &^ = il^ = dim(a(/i)) and any submaximally sym- 
metric model is locally homogeneous about a non-flat regular point. 

From Theorem 14.2.51 and (13. 2p . © < ii = max^ii^, and aside from a few exceptions, this equals 
max^ (where all /i are of the form indicated in the theorem above), which implies © = it. By 
Example I4.3.6[ this also holds for i?2/-Pi,2- Thus, we have: 
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Theorem 4.3.8. Let G be a complex or split-real semisimple Lie group, P G G a parabolic subgroup. 
IfG/P does not contain the factors Ai/Pi, A2/P1, ^2/-Pi,2, -B2/-P1, then 

6 = it = max{il^ I C //+(0-, fl)}, il^ = dim(o(/i)), 

and any submaximally symmetric model is locally homogeneous about a non-flat regular point. 

Remark 4.3.9. In the general (complex or split-real) semisimple case, the gap problem reduces to 
studying each V^, which is one of the three types in Table HI Each such is essentially generated 
by at most two simple factors: any remaining simple factor (g, p) yields a flat factor for the geometry, 
so dim(g) is automatically included in the submaximal symmetry dimension count. 

Remark 4.3.10. Aside from the exceptions in Theorem I4.3.7[ given (g,p,/i), is the same for all 
choices of Lie groups (G, P) with Lie{G) = g and Lie(P) = p. Consequently, for the purpose of 
simplifying the calculation of (3^, we may assume that P is connected so that we can pass to the 
minimal twistor space. (See Remark 12.7.31 and Corollary 12.7.21 ) 

4.4. Deformations. A graded subalgebra a C g admits a canonical filtration, i.e. a' = ©j>jCij. 

Definition 4.4.1. A graded subalgebra a is filtration-rigid if any filtered Lie algebra f with gr(f) = a 
as graded Lie algebras has f = a as filtered Lie algebras. 

Proposition 4.4.2. Let G be a real or complex semisimple Lie group and P d G a parabolic 
subgroup, and suppose that pr(g„,go) = g. Let [Q A M, cu) be a regular, normal G/P geometry 
which is not locally flat. Given u E Q with kh{u) 7^ 0, «/g_ C 5{u), then 5{u) is not filtration-rigid. 

Proof. Since pr(g_,go) = g, the geometry is completely determined by its regular infinitesimal 
flag structure. Assume f{u) = 5{u), so f{u) and hence S{x) is graded, where x = n{u). Then 
S{x)/S{x)^ = g_ =: m acts transitively on M at x. Thus, M can be locally identified near x with 
the simply-connected Lie group M(m) with Lie algebra m. This is endowed with the M(m)-invariant 
distribution generated by g_i, and there is a M(m)-invariant principal Go-bundle Qo — )■ M(m), 
where Gq C Autgj,(iTi), which is a reduction of the graded frame bundle over M(m). 

The triple (M(rri), g_i, go) is the standard model in Tanaka theory, and since pr(g_,go) = g is 
finite-dimensional, its symmetry algebra S is isomorphic to g [IDl Section 6]. But since k,h{u) 7^ 0, 
then dim(iS) < 6 < dim(g), c.f. Proposition 12.4. 11 or Theorem 14. 2. 5^ a contradiction. □ 

In the exceptional cases, we will show that a(/i) is filtration-rigid, and hence (3^ < dim(a(//)). 

Example 4.4.3. Without the y>'s^{q_.,Qq) = g assumption, Proposition \4.4-^ generally fails. Consider 
projective geometry {Ag/Pi). The condition g_ C s{u) implies local homogeneity, and since g_ is 
abelian, then near tt{u), we have local coordinates {t,x^, ...,x"^), where m = i — 1, and symmetries 
dt,dxi, ■■■,dxm of the projective structure. The geodesic equations (15. lip admit these symmetries, so 
all coefficients in these equations are constants. This means that by a projective change, we may 
take the F^^ to be constants. For m > 2, this does not imply the structure is flat, e.g. taking all 
Tfec — except Fq]^ = the Pels invariants (15. 3p satisfy S = and T 7^ 0. 

However, for m = 1, the Tresse invariants (14.71) vanish everywhere for y" = F{y'), where F is a 
cubic polynomial. Thus, Proposition \4-4-^ ^■^ true for 2-dimensional projective structures. 

Consider a = 0^0, with (graded) basis {e"} and structure equations [e",e^] = '^^c'^^ej+j- Any 
filtered Lie algebra f C g with gr(f) = a has a (filtered) basis {/f} with 

7 k>i+j 7 
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and we consider f up to filtration-preserving automorphisms 

j>i p 

We refer to tfie terms in tlie double summation in (14.61) as tails. So establishing filtration-rigidity 
amounts to eliminating the presence of tails (in some basis). 

Example 4.4.4. Let go be a semi-simple Lie algebra, and V = Q-i an irreducible QQ-representation 
such that /\^ V does not contain V nor the adjoint representation of Qo as summands. Then the 
graded Lie algebra g = g_i©go is filtration-rigid. Indeed, let f be a filtered Lie algebra with gr(f) = g. 
Then f — Qq. By semisimplicity of Qq, the go-module f is completely reducible, and so f = g_i © go 
as Qo-modules. By hypothesis, the bracket /\^ g-i — )■ g being Qo-equivariant must vanish. 

The case of Qq = 5o{n) and V = M" has f\^V ^ go, so there are many filtered deformations. 
By Schur's lemma, we have deformations parametrized by R and this yields all the maximally 
symmetric models in Table [21 The corresponding algebras depending on the sign of R are: g = 
so{n + 1), M" X 5o{n), and so{n, 1). 

Proposition 4.4.5. Let f be a filtered Lie algebra, gr(f) =: a = a_;>©...©ao©...©a;> its associated- 
graded, and let tj : f — > denote the canonical projections. Suppose there exists h E ao such that 
ad/i is diagonal in some (graded) basis {ef} of a, and let £i = Spec(ad/i|n.). If SiHSj = for distinct 
i,j, then for any h E f with To{h) = h, there is a (filtered) basis {/"} of f, with Ti^f") = ef, and 
with respect to which ad^ is diagonal. Moreover, if]^ 

(i) V2 ^ j: {£i + £,) n Ufc>i+,- £k = 0; and 
then a is filtration-rigid. 

Proof. Use (reverse) induction on r, where —0 < r < 9. The r = v case is trivial since r£>|p : — )■ 
is a Lie algebra isomorphism. Assume there is a basis {/f jil^+i of T^^ with Ti{f°^) = ef such that 
ad^ is diagonal (with eigenvalues //"). We have [h, /"] = /i"/" + Y^k>r ^j'''fk- Since Si (iSj = ^ 
for i^ j, then /if ^ fi^.^^, so letting /° = /° + X)/? (^"^fr+i with = {fif - /if+i)-i6^'''+\ we can 
normalize 6^'^'*'^ = 0. Iteratively, we normalize all fe"''^ = 0. 

We have [h, /^^]] = (/if + /ij)[/f , fj]- li i ^ j, then by (i), there is no tail. If i = j, then for 
a P, (ii) implies there is no tail. Thus, a is filtration-rigid. □ 

4.5. Exceptional cases and local homogeneity. We now turn to the remaining exceptional 
cases from Lemma 14.3.21 and Theorem I4.3.7[ Our first result in this section is: 

Proposition 4.5.1. For complex or real (regular, normal) A2/P1, ^2/-Pi,2j B2/P1 geometries, 
& = iX — 1, given in Table^ For complex or split-real (regular, normal) G/P = Ai/Pi x G'/P' 
geometries with Kh concentrated in the (Type II) module V^, with fi = —w ■ 2Ai corresponding to 
w = (1, k') e VrP(2), we have il^ - 1 < 6^ < il^. 

The rank two exceptions when g is simple are given in Table [71 These are all PR+ by Recipe [3 
By Example 14.3.61 -B2/-Pi,2 is not exceptional concerning (3, so we exclude this here. 

For lower bounds, we exhibit models. For upper bounds, it suffices (by Remark I4.2.7P to work 
over C, and we show that a"^" C g is filtration-rigid using Proposition 14.4.51 By Proposition 14.4.21 
this forces © = ii — 1 for all three cases. (By Example 14.4.31 this is valid in the A2/P1 case.) For 
the Ai/Pi X G'/P' exception, we exhibit a model with at least it^ — 1 symmetries. 



l^Here T + T := {a + b \ a, b e T} and /\^ T -.^ {a + b \ a,b e T, a ^ b}. 



THE GAP PHENOMENON IN PARABOLIC GEOMETRIES 33 



(jjp 


Underlying structures 


tt2 I \ 


© 


A2IP1 


2- dimensional projective structures 


-5 1 

X — * 


3 




scalar 2nd order ODE up to point transformations 
(3-dimensional CR structures) 


-5 1 1-5 

X X © X X 


3 


B2/P1 


3-dimensional conformal Lorentzian 
(or Riemannian) structures 


-5 4 

X=4=^ 


4 



Table 7. Rank two exceptions and (complex or real) underlying structures 



Our second result generalizes Corollary 14.2.81 and Remark I4.2.9[ which considered the general 
case, i.e. when (5 = il or = il^. Considering each exceptional case in turn, we prove: 

Theorem 4.5.2. Among all complex or split-real (regular, normal) G/P geometries, all sub- 
maximally symmetric models are locally homogeneous near a non-flat regular point. Given a Qq- 
irreducible C iy^(g_,g), the same conclusion holds with the restriction that im(K//) C V^. 

Given a regular point x and u G 7t~^{x), this requires showing that g_ C s{u). 

Remark 4.5.3. Since x is regular, then s(m) C a''^''"^ If kh{u) is not in the Go-orbit of 0o ^ V/x, 
then dim(a''^''"^) < dim(a'^°) = il^ by Lemma 13.1.11 In this case, if dim(s(M)) > il^ — 1, then 
s{u) = a'^^'-"^ D Q-. Thus, it suffices to consider kh{u) in the Go-orbit of 0o, and by acting on u by 
Gq C P, we may assume kh{u) = 0o, and s(m) C a'^o j-^g^g codimension one. 

Since 0_ C is bracket-generating, then intransitivity (0„ ^ s{u)) would mean s_i(m) 7^ 
and Sq{u) = Oq. Now recall from Proposition 14.2.21 that [sq{u), g_i] C s_i(m) 7^ g_i. In each case, we 
will verify that [ao,g_i] = g_i. This yields a contradiction, thereby establishing local homogeneity. 

4.5.1. 2- dimensional projective structures. Consider V specified in coordinates (x°,a;^) = (x, ?/) by 



-L 1 1 — ^ -L 

X 



11-^' -00- 2a;' 



and zero otherwise, where e = ±1. This corresponds by (15. lip to the ODE xy" = e{y'Y — \y' ■ We 
have (3 > 3 since the projective structure [V] has symmetries (i.e. point symmetries of the ODE): 

Xi = dy, X2 = xdx + ydy, X3 = 2xyd^ + y'^dy. 

For A2/P1, -f/'^(g_,0) = X o = /\ gi © gi. Indeed, kh is the Liouville tensor L = {Lidx + 

L2dy) © {dx A dy). Noting 5Ai — A2 = 3ai + ^2 = 3(ei — €2) + £2 — €3 = and ei + £2 + £3 = 0, 



a_i © ao 



h 








u 


Ah 





V 


s 


-5h 



spaii{e\,e\,so,ho}. 



We have ad/n, diagonal with £_i = {3, —6}, Sq = {—9,0}. Hence, a is filtration-rigid, and 6 < 3. 
Clearly, [ao,g-i] = g-i, hence local homogeneity follows. 

4.5.2. Scalar 2nd order ODE. Given y" = F{x,y,y'), there are the Tresse relative invariants ^2] : 
(4.7) h = (F,,) - F,-^{F,,) - ^^(Fy,) + AF,Fy, - 3FyF,, + 6F,„ h = F,, 



ppppi 



where p = y', and = + pdy + Fdp. There are two lines L',L" C //^(g_,g) associated to 
w = (12) and (21). Two-dimensional projective structures correspond to ODE with I2 = 0. 

Suppose the geometry is not locally fiat. The set U = {z E M \ Ii{z)l2{z) 7^ 0} is open. If 
f/ 7^ 0, it contains a regular point z, and for any u E 7r^^(z), a'^«^(") = g-, so dim(5) < 3. If f/ = 0, 
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then exactly one of the open sets Ui = {z E M \ Ii{z) ^ 0} is non-empty. If = 0, then by Section 
HXn dim(5) < 3. By the duahty AfjPi ^ Ae/P2, we conclude the same if Ui = 0. Hence, 6 = 3. 
Local homogeneity follows because the same holds for 2-dimensional projective structures. 

Example 4.5.4. Given ^ a E y" = ^ (^y' — {y'Y + o(l — WYY^"^) O'dmits point symmetries 

Xi = dy, X2 = xdx + ydy, X3 = 2xyd,j; + (x^ + y'^)dy, 

so is suhmaximally symmetric. Generically, /1/2 7^ 0, so im.{nH) is not contained in only one of 
L' or L" . On {x,y,p)-space, S is obtained by prolongation - see ( 15. 6p . This gives X^^^ = Xi, 



X 



(1) 



Xo, and X 



(1) 



X3 + 2x{l — p'^)dp. Since x 0, S is generally transitive, except along 



p = ±1. Thus, the singular set consists of: (i) points for which the right hand side of the ODE is 
not smooth (violating our blanket convention), and (ii) irregular points for S . 

The other real form of A2/Pi^2 geometries yields 3-dimensional CR structures. In Cartan 
gave many examples of such structures having 3-dimensional symmetry. Thus, S = 3 here as well. 

4.5.3. 3-dimensional conformal structures. Note the models: 





Metric 


Killing symmetries 


Riemannian 
Lorentzian 


dx'^ + dy'^ + {dz 
dxdy + {dz — 


— xdyY 
xdyY 


dy, 


dz, d^ + ydz, yd^ - xdy + \{y^ - x^)dz 
dy, dz, d^ + ydz, xd^-ydy 



These have nonzero Cotton tensor, so are not locally conformally flat. Hence, (3 > 4. 

.0 / N -5 4 

t2(„ „\ _ 



For B2lPi,Hl{Q_,Q) 



and 5Ai — 4A2 = 3ai + ^2 = 3(ei — £2) + €2 = 3ei — 2e2 



a = 0-1 © ao 





/ 2h 
















> 




u 


3/i 















< 


V 


s 













> 




w 





—s 


-3/i 











\ 


—w 


— V 


—u 


-2h 


) 


> 



span{e\,e\,et^,So,ho}. 



We have ad/i„ diagonal, £-1 = {1, —2, —5}, £q = {—3,0}. Hence, a is filtration-rigid, and (3 < 4. 
Clearly, [ao,0-i] = Q-i, hence local homogeneity follows. This handles the Lorentzian case. 

The Riemannian case is simpler. Here, go = M©so(3), and iJ^(g„,0) is isomorphic to the space 
of 3 X 3 symmetric trace- free matrices with action A ■ (p = [A,(j)]. Since any such is orthogonally 
diagonalizable, we get (3 < it = 4 from considering the two non-trivial cases: 

(1) (j) has three distinct eigenvalues: ann(0) = 0, so a'^ = and dim(a'^) = 3. 

(2) (f) has two equal nonzero eigenvalues: dim(ann(0)) = 1, so dim(a'^) = 4. 

4.5.4. Semisimple exceptions. Consider G/P = Ai/Pi x G'/P', w = {l,k') G Vrf(2), and highest 
weight 2Ai of Ai. Since we will consider only geometries with Kh concentrated in with 

—w ■ 2X1 = — cTi ■ 2Ai — cTfc/ ■ 0' = 4Ai + ak' = 2ai + Ok', 



Cai, and 



we may assume that G' is simple. The lowest weight vector of is 0c 
il^ = dim(a''^°). We will construct a model with at least il^ — 1 symmetries. 

By Theorem 13.5.11 the Lie algebra structure of a"^" is the same if we consider p' = pk' to be 
maximal parabolic. Then by Proposition I3.3.6[ (g,p,/i) is PR. Take a basis H,X,Y of s[2(C) with 
the standard relations [-ff, = X, [H,Y] = —Y, [X,Y] = H. Identifying e_a^ with Y, its Killing 
dual is Y- We have ai{H) = 1, i.e. H acts as the grading element with respect to Pi. Thus, 
we have a = a"^" = g.. © ap, where g_ = span{F} © g'_, and 

ao = i)o® g;, i)o := l-lak'{H')H + H' \ H' e A ■ 
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Let ker(afc') = {H' e i)' \ ak'{H') = 0}, and define 

ker(afcO © ^ a = g_ © Oq = span{r} © q'_ © a; 
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e 0; 



0- 



Similar to Section 14. 3[ we define f to be the vector space a with the same brackets, but with the 



single additional relation [Y, e_ 



Y. Equivalently, [Y,uh = X{u)Y, for all m G f, where A G Co 



is Killing dual to e_Q,^, . For f to be a Lie algebra, it suffices to check = Jac|(y, u, v) for all u,v G f, 
or equivalently, A([M,f]|) = 0. Clearly, this holds for u,v E 0-. If m G Og, then u- (po = 0, which is 
equivalent to A o ad„ = since u ■ = 0. Thus, X{[u, v]j) = \{[u, f]) = 0, so f is a Lie algebra. 



Let i = C f. Define the linear map : f ^ g hj = id + H e^y — \X © Ca^. Thus, 'd\i is 
the natural inclusion, and d maps all root vectors in g_ C f over to q naturally except for 

1 



^{Y) = Y 



2 ' 



For u E t and f G f, since Y,e-ay -L im(adu), then 'i9(['u,f]|) = i!}{[u,v]) = [u,v] 
['d{u),'d{v)], so is t-equi variant. Also, induces a linear isomorphism f/t = g/p. 

As in Section 14. 3[ the simplifying reduction to p' = p^' was mainly used to check that f satisfies 
the Jacobi identity. Now for the original geometry, a = span{F} © pr^ (g'_, ann(eQ, ,)) is the same 



a as above (as Lie algebras), and similarly define f and as above. Since i 



a' 



>o 



is contained in 



the t stated above for p^/, then ■(9 defines an f-invariant Cartan connection on some Q = F P 
over M = F/K (where F may only be a local Lie group). Using (14. 5p . k,^ vanishes except for 



n^(Y,e. 



[^(F),^(e_„^,)]-^([y,e. 



Y--X,e.^y+H 



i.e. = (pQ. Thus, the geometry is regular and normal, and il^ — 1 < &^ < it^. Finally, 
[ao,0-i] D [f)O)0-i] = 0-1) so local homogeneity follows. 
This completes the proof of both Proposition 14.5.11 and Theorem I4.5.2[ 



5. Results and local models for specific geometries 

In this section, we illustrate the use of Theorems 14. 3 . 71 and 13 . 2 . 61 for the computation of submax- 
imal dimensions for specific geometries. We also refer the reader to Appendix [B] which summarizes 
our computational algorithm. 



5.L Conformal geometry. In dimension n = p + q > 3, conformal geometry is the prototypical 
underlying structure of a parabolic geometry. The model space is the (pseudo-) conformal sphere 
§p,g_ Embedded as the (null) projective quadric in P(Rp+-'^'''+-'^), we have EP''^ = SOp+i^g+i/Pi, where 
Pi is the stabilizer of a null line. The Lie algebra g = S0p+i_g+i is a real form of 



, . _ j Bi, n = 2£-l odd; 
50„+2(M- j n = 2£-2even. 



and is 1-graded by Pi. The space W = iJ^(g_, 0) is the space of Weyl tensors (homogeneity +2) for 
n > A and Cotton tensors (homogeneity +3) for n = 3. The geometry is PR+ by Corollary 13.3. 8[ 
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First work over C, so g = so„+2(C), and Qq'^ is either -B^-i or -D^-i. For /7_^(g_, g), Kostant gives 




B2/P1 : , B3/P1 : X , Be/ Pi > 4) : X o * o ■■. , 

02 

Ds/Pi: y{ , DjPi: , A/Pi (£ > 5) : I o ■■ °^ 

\0 V V \o 

Above, Vr^(2) = {(12)} always, except Wl{2) = {(12), (13)} for D^/P^. The n = 3 case was 
studied in Section 14.5.31 so let n > 4. Then: 

(1) n > 5: X^ = X2,w = (12), = {3}. Look at p°P = p2 C Then using Recipe [H 

i (dim(5£_i) + 1 + dim(Ai) + dim(5£_3)) , n odd; 

n even; 



d\m(a 1 - dimfB 1 - / i i^MBi-i) + 1 + dim(Ai) + dim(5,_3)) ^ 
dim(ao) - dim(p2) - || (dini(D,_0 + 1 + dim(AO + dim(A_3)) 



2£2-9£ + 14, neven ^ dim(a) = dim(fl_i) + dim(ao) = ^ ^ J + 6- 

(2) n = A: D^/Pi, Ag = A2 + A3, = x Ai. For = (12), = {3}, p°P = x pi c gg^ 
so dim(ao) = 5 and dim(a(w)) = 9. By symmetry, for w = (13), dim(a(zi')) = 9 as well. 

Thus, He = ("2 ^) + 6 forn > 4. In any signature over M, & < il < lie by Remark |4.2.7[ For n > 4, 
Oo is related to p2 C Qq'^, which is the Lie algebra of the stabilizer of a null 2-plane (in the standard 
representation of gp'^). These do not exist in Riemannian and Lorentzian signatures, so (5 < il < iXc 
in these cases. In all other signatures, we exhibit an explicit model realizing the upper bound. 

5.1.1. Non- Riemannian and non- Lorentzian signatures. Consider the (2,2) pp-wave metricEl 

(5.1) g^p^^ = y'^dw'^ + dwdx + dydz. 

This has 9-dimensional conformal symmetry algebra spanned by 

Xi = d^, X2 = 5^, X3 = duj, X4 = -yd^ + wdz, 
X5 = 3(2 + yw'^)d^ - 3wdy - w^d^, Xg = 2?/w4 - dy - w^d-^, 
X7 = -xd^ - ydy + wd^ + zd^, Xg = 2y'^d^ - 3yd^ + 3x^2, 
T = 2xdx + ydy + zd^. 

Note that T is a homothety, while Xi, ...,X8 are Killing fields. 

Lemma 5.1.1. Let n = p + q + 4, and giuc^ the flat Euclidean metric of signature {p,q). Then 
g = gpp^^ + gouc''' has conformal symmetry algebra of dimension ("2^) + 6. 

(2 2) 

Proof. It is straightforward to check that gpp is not conformally fiat, so neither is g. Writing = 

±1, the metric giuc'^ = Yl^=i ^iid'^iY admits the Killing fields Uj = 8^ and Vjj = tiUidu^ — ejUjOm, 
where i < j. The metric g admits the Kilhng fields Uj, Vj^, X^, as well as Yj = 2eiUidz —ydu^, and 
Wi = 2eiUid^ - wdu,. The vector field t = T + ECf 

is a homothety for g. □ 

Thus, we have proven: 

Theorem 5.1.2. For conformal geometry in dimension n> A, we have G < ("2 ^) + 6. Except for 
Riemannian and Lorentzian signatures, this upper hound is sharp. For n = 3, we have © = 4. 



In |30| . the signature (2, 2) pp-wave metric was announced as having submaximal conformal symmetry dimension. 
No proof was given there, but using tools developed in this paper, we can confirm that this is indeed correct. 



THE GAP PHENOMENON IN PARABOLIC GEOMETRIES 



37 



5.1.2. 4- dimensional Lorentzian. Here, q = S02,4 and go — 1^ ©5[2(C)ir, where s[2(C)ir = so(l,3) 
refers to the real Lie algebra underlying sl2(C). As before, W = //^(g_,g) has homogeneity +2, 
which gives the action of the grading element Z G 3(00) — As a 5[2(C)]R-representation, W = 
O^(C^), which is irreducible. Thus, Weyl tensors are identified with complex binary quartics, and 
their classification according to root type is precisely the well-known Petrov classification ^35j, [3^ . 

To each Petrov type, there is a collection O of Go-orbits. To calculate ito, it suffices to maximize 
Oq = ann(0) among representative elements from these orbits. Then &c> < ii-o by Remark 14.2.91 

Let {x, y} be the standard C-basis of C^, and let H = ^ , X = ^ 0^ ' ^ ~ (^1 0^ 

standard C-basis for 512(C), so st2(C)K has M-basis {H,iH, X,iX,Y,iY}. A simple case analysis 
yields Table M (except for the last column) . 



Type 


Normal form (p 


M-basis for Oq 


dim(a'^) 


filtration-rigid? 


N 


4 

X 


X, iX, 2Z -H 


7 


X 


III 


x^y 


Z -H 


5 


/ 


D 


x'^y^ 


H,iH 


6 


X 


II 


x'^y{x - y) 




4 


X 


I 


xy{x — y){x — ky) 




4 


X 



Table 8. Petrov types and upper bounds on conforma^ 



symmetry dimensions 



The following representative metrics and their conformal symmetries establish sharpness of the 
upper bounds (and filtration non-rigidity) in all cases except type III. 

N: gpp = dy'^ + dz^ + dwdx + y'^dw'^ (signature (3, 1) pp-wave): 

Xi = a^, X2 = (9^, X3 = d^, X4 = -2zd^ + wdz, 

X5 = e-^{2yd, + dy), Xe = e^{-2yd, + dy), T = 2xd, + ydy + zd,. 

Ill: g = -^i^dz"^ + e^^c/x^ -|- Ae^dxdy + 2e~'^^{dy'^ + dudx) (Kaigorodov metric [38, (12.35)]): 

Xi = du, X2 = (9x, X3 = dy, X4 = 2xd^ - ydy - - Audu- 

Another solution is g = ■^{dx'^ + dy"^) — 2dudr + ^xdu^ (Siklos metric [381 (38-1)])- 

Xi = X2 = = 2{xd^ + ydy) + rdr - udu, T = udu + rdr- 

D: g = a^i^dx"^ + sinh^(x)(iy^) -|- b'^{dz'^ — sinii^ {z)dt'^) (a, b constant) 

Xi = dy, X2 = dt, X3 = e-\d, + coth{z)dt), X4 = e\d, - coth{z)dt), 
X5 = — cos{y)dx + coth(x) sm{y)dy, Xg = sm{y)dx + coth(x) cos{y)dy. 

This is a product of two spaces of constant curvature [381 (12.8)]. 

II: g = dz^ + e-^'{dy^ + 2dxdu) - Sbe'^'dx'^ + e-^^du^ 

Xi = du, X2 = dx, X3 = dy, X4 = 2xdx - ydy - d^ - Audu- 

This metric is not Einstein, has Ricci scalar a nonzero constant, and appears to be new. 
In [3^, Table 38.3 incorrectly lists (12.29) as a type II metric with 4-dimensional isometry 
group, while (12.29) is in fact type D, as indicated at the bottom of p. 179. Also, the type 
II metric (13.65) is indicated as having four Killing vectors (13.66), but the fourth listed 
vector field is incorrect. Professor Malcolm MacCallum has indicated to us that no type II 
metric with 4-dimensional isometry group appears to have been known in the literature. 
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Our strategy for finding such a type II metric was to obtain a deformation of the type III 
Kaigorodov metric while preserving its symmetries. This led to the ansatz 

g = dz^ + aie~'^^dy'^ + a2e~'^^dxdu + a^e^^dx'^ + a^e^dydx + a^e~^^du'^, 

where are constants. Imposing the type II condition led to the metric indicated above. 
I: g = dx"^ + e-'^^'dy'^ + e"" cos{y/3x) {dz"^ - dt"^) - 26=" sm{y/3x) dzdt (Petrov metric [3H1 (12.14)]): 

Xi = dy, X2 = 9„ X3 = dt, X^ = d, + ydy + ^{V3t-z)d,-^{t + V3z)dt. 

Theorem 5.1.3. In 4- dimensional Lorentzian geometry, the maximal dimension of the conformal 
symmetry algebra for metrics of constant Petrov type is: 



Petrov type 


N 


III 


D 


II 


I 


max. sym. dim. 


7 


4 


6 


4 


4 



All models realizing these upper bounds are locally homogeneous near a regular point. 

Proof. For type III metrics, we must show that the associated (5-dimensional) a = g_i © ao is 
filtration-rigid. As a s[2(C)iR-representation, g_i is the space of Hermitian 2 x 2-matrices with 
the action of A G s[2(C)ir given by M i— AM + MA*. For "H, take the standard basis 

""-i " (o o) ' ""-i " (i o) ' ""-i " {-t o) ' ""-1 " (o i) ■ 

Since H acts by diag(2, 0, 0, —2), and Z acts as —1 on g_i, then cq := Z — H acts diagonally with 
eigenvalues S^i = {— 3, — 1, — 1, 1}, Sq = {0}. (All other brackets on a are trivial.) Let f be a 
filtered deformation of a. The first hypothesis of Proposition 14.4.5] is satisfied, as is (i), but (ii) is 
not. Following the argument there, we still have Cq G f*^ which acts diagonally in some basis {/"} 
with the same eigenvalues as above, and with the only other non-trivial brackets [fli,fti] = aeo, 
[f^i, f^i] = bcQ. By the Jacobi identity, = Jacf(/^i, f^^, /l^) = bfl^ - af^^, so a = 6 = 0. Thus, 
a is filtration-rigid. In non-type III cases where the upper bound is realized, 0_ C s{u), so local 
homogeneity follows. In the type III case, [ao,0-i] = g-i, and Remark [4.5.31 gives the result. □ 

5.1.3. General Lorentzian and Riemannian. For the Lorentzian case, we mimic the construction 
from Section 15.1.11 Consider g = gpp^^ -|- giuf'' , where gpp^'' and its (seven) conformal symmetries 
were given in Section [5.1.21 and giuc*^ = X]r=i('^'"*)^ is the flat metric with Killing fields Uj = dui 
and Yij = u'duj — uW^i- The metric g admits the Killing fields X^, Uj, Vjj, as well as Yj = 
u^dz — zdui, and Wj = 2m*(9^ — wd^i. In addition, there is the homothety T = T + Yl^=i '^Ai, and 
so dim(5) = ("2^) +4. Since the (complex) bound of ("2^) +6 is not realizable, it remains to show 
that ("2^) + 5 is also not realizable. This is done in [16], from which it follows that & = ("2^) + 4. 

Given a Riemannian metric g with nowhere vanishing Weyl tensor, there exists a conformally 
equivalent metric g = A^g such that all conformal Killing fields of g are Killing fields for g 
Since the symmetry algebra is determined by restriction to any neighborhood, & in the conformal 
Riemannian case is equal to the maximal dimension of the isometry algebra among metrics which 
are not conformally fiat. According to Egorov's final result in [20] (incorporating results in his 
earlier article [19|), this number is exactly ("2^) + 3. This is realized by the product of spheres 
§^ X §"~^ with their round metrics which is not conformally fiat for n > 4, and has SO3 x SO„_i 
symmetry. However, we caution that there are omitted exceptions to Egorov's statement when 
n = 4 and n = In particular, with its Fubini-Study metric, CP™ is not conformally fiat, has 
real dimension n = 2m, and has SU(m -|- 1) symmetry group of dimension -|- 2m. This is strictly 
less than (""2 ^) + 3 for n > 8, equal to it when n = 8, and greater than it when n = 4 or 6. 



'For n — 4, the submaximally symmetric structure is unique: CP^, cf. Egorov [18] . 
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For an algebraic proof of & in the conformal Lorentzian and Riemannian cases, we refer the 
reader to the article of B. Doubrov and D. The [TB] . 

5.2. Scalar 3rd order ODE. Let = J'^(M, M). Consider with its contact system C^. In 
canonical local coordinates (x, y, p, q, r), is locally spanned by the 1-forms {dy—pdx, dp—qdx, dq— 
rdx}. A 3rd order ODE y'" = F{x,y,y',y") determines a hypersurface = {r = F{x,y,p,q)} C 

transverse to the projection 7r| : — )■ J^. Pulling back to M, we have two line fields (L, 11) 
on M: (i) L is spanned by ^ := dx + pdy + qdp + Fdg, and integral curves correspond to solutions of 
y'" = F{x, y, y', y"); and (ii) 11 is spanned by dg. This is the fibre of — )■ (and hence M — )■ J^), 
which is distinguished by Backliind's theorem. The data (L, 11) encodes the geometry of scalar 3rd 
order ODE modulo contact transformations. 

This is the underlying structure for a, G / P = C2/-Pi,2 geometry, where C2 = Sp(4,]R). There are 
two well-known relative invariants due to Chern [13] and Sato-Yoshikawa [36] : 

These respectively define the con/orma/ branch (Ji = 0) and contact projective branch {I2 = 0). For 
more details, see also [23]. By Kostant, iJ^(g„, g) has two 1-dimensional components of homogeneity 
+3 and +4, and Ji and I2 correspond to {kh)+3 and (k_h')+4 respectively. We have: 

w ^-w-Xg {Zi, Z2) 00 dim(a(w)) &w Twistor space type 

(12) (+3, 0) Ca, A e2ai+a2 ® e_„2 5 5 C2/P1 

(21) (+l,+3) A C2/P2 

The geometry is PR+. If G if^(g_, g) has nonzero components in both submodules, then Oq = 0, 
and dim(a'^) = dim(g_) = 4. The w = (21) branch is exceptional (3-dimensional conformal - see 
Section l4.5.3p . and &w = 11™ — 1 = dim(a(w)) — 1 = 4 here. For w = (12), = ii^j = dim(a(w)) = 
5. Indeed, for any a G M, y'" = ay' + y has five point (contact) symmetries: 

Xi = dx, X2 = ydy, Xi = r]i{x)dy, z = 3, 4, 5. 

where r]i{x) are the three linearly independent solutions of y'" = ay' + y. This proves: 

Theorem 5.2.1. For scalar 3rd order ODE modulo contact transformations, (3 = 5. Any suhmax- 
imally symmetric model is in the contact projective branch (I2 = 0), and is locally homogeneous 
near a non-flat regular point. 

Remark 5.2.2. The result © = 5 for 3rd order ODE is not explicitly stated in ^43j, but can be readily 
deduced as follows. Sophus Lie classified all finite-dimensional irreducible Lie algebras of contact 
vector fields. There are only three, Lq, L^, Liq, with dim(Lj) = i with Lg C L7 and Lq C Liq. The 
only 3rd order ODE invariant under Lg (and hence Lj and Liq) is the trivial equation y'" = 0. In 
[13], a classification of all point symmetry algebras for 3rd order ODE and representative equations 

is given. Aside from y'" = and y'" = ^^^J (which are contact-equivalent), having point symmetry 
algebras of dimensions 7 and 6, all others have dimension at most 5. 

5.3. Systems of 2nd order ODE. Let = SL(£ + 1,R) and i > 2. If £ ^ 3, the underlying 
structure for an A^/Pi 2 geometry is a system of 2nd order ODE in m = ^ — 1 dependent variables, 

(5.2) x' = f\t,x\x^), l<z<m, 

with equivalence up to point transformations. (This is the same for i = 3 provided that {k,h)+i = 0.) 
This is path geometry. The m = 1 case was discussed in Section 14.5.21 so here we discuss the m > 2 
case, which was studied by Fels [22] and Grossman [25]. Let J'^ = J^{W,W^) with its contact 
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system C^. Geometrically, (15. 2 p defines a submanifold M G J"^ transverse to irf : J^, and 

point transformations refer to diffeomorphisms of which preserve which are prolongations of 
arbitrary diffeomorphisms of J°. On J^, in canonical local coordinates {t,x^ ,q^), is locally 
spanned by the 1-forms {dx^ —p'dt, dp' — q^dt} and M = {g* = f^[t,x\p')} fibers of J". This is 
an "external" description of the geometry. Pulling back to M yields an "internal" description: 
a manifold of dimension n = 2m + 1, with coordinates (t,a;*,p*), and a distribution containing: 

(1) a distinguished line field L spanned by ^ := dt+p^d^i+f^dpi whose integral curves correspond 
to solutions of (15.21) . and 

(2) an integrable m-dimensional distribution 11 spanned by {9pi}™^. This is the fibre of the 
submersion M — )■ J°, which is preserved by all point transformations. 

This flat model is = 0, 1 < z < m, which has dim(74^) = P + 21 dimensional symmetry algebra. 

In [22], Pels studied the geometry of systems of 2nd order ODE using Cartan's method of equiv- 
alence and derived the following invariants. Given (15. 2p . define 

, d^f ™ Id fdf\ df Idfdf^ 



if"^ dpidp^dp^' ^ 2dt\dp^J dx^ Adp'^dp^' 

The Fels invariants, namely the Pels curvature and torsion, are respectively: 

. . 1 . 

/r Q\ oi /^i /^r rjii -rpi ^ ri T-ik 

I'J-'Jj '~>jkl — ^jkl ~ _ I c^^rijk^l)^ j~ j ~3 k- 

■' ■' m + 1 ' ■' m 

The Tanaka prolongation of the symbol algebra 0_ and structure group Go is, by Yamaguchi, 
= sl(£ + 1, M) with 2-grading given by 

go = M2©sl(n_i), g±i = L±i©n±i, 0±2 = i^±i ® n±i. 
Por i > 4, W^{2) = {(21), (12)}, which generate homogeneity +3 and +2 modules respectively: 

r. , , -4 3001 -4 11001 

(5.4) HUq-,q)= M — X — * 0-- * © X — X — * 0-- * 



Li © (^Q ^Hi © n_i)^ © Lf © (Hi © n_ 



where (n_i)* = Hi via the Killing form, so the "0" subscripts indicate trace-free with respect to 
contractions. Por the tensor descriptions above, we used 

2 -1 0000 -2 10000 

L_i = X — X o o ■•■ o o J Li = X — X o o ■•■ o o , 

-110001 1-2 1000 



n_i = X — X — o — o - o — o , 111 = X — >f- 



-o o ■ ■ ■ o o 



(e.g. The lowest roots of Hi and n_i are a2 and —a2 — ... — ai, so by the "minus lowest weight 
convention", we convert their negatives into weight notation using the Cartan matrix - see (12. 4p .) 



4-4 . 2 ■ 



Por i = 3, there is additionally the 1-dimensional module X — X ° = /\ Hi © which 

has homogeneity +1 and corresponds to the word w = (23) G W^{2). Por ODE, we must have 
{k,h)+i = 0. We discuss A3/Pi^2 geometries with {kh)+i 7^ in Section [5.5.21 

The tensors S and T correspond to {kh)+3 and {kh)+2 respectively. By the discussion on corre- 
spondence and twistor spaces (Section l2.7p . we have 

• 5* = iff {kh)+3 = iff the geometry admits an Ai/Pi description, i.e. (15. 2p are the equations 
for (unparametrized) geodesies of projective connection, cf. Section 15.41 

• T = iff {kh)+2 = iff the geometry admits an A^/ P2 = Gr(2, M^+^) description. This is a 1- 
graded geometry with underlying structure a manifold A^^"^, endowed with a field S C P(TiV) 
of type (2, m)-Segre varieties. This is a Segre (or almost Grassmannian) structureV^ 

^"^When TO = 2, this is equivalent to a signature (2, 2) conformal structure. Note A3/P2 — D3/P1. 



THE GAP PHENOMENON IN PARABOLIC GEOMETRIES 



41 



In [25], Grossman studies (15. 2p satisfying T = 0, which he calls torsion-free path geometries. If 
such a geometry is moreover "geodesic" (i.e. S = 0), then kh = 0, and so the geometry is locally 
flat, cf. [25, Theorem 1]. With these preparations, we state our new result: 

1 TTi^ ~t~ 5 m ^ 2' 

Theorem 5.3.1. For systems of 2nd order ODE in m dependent variables, & = s n ' Z i ' 

I O5 TTl — L . 

When m >2, any submaximally symmetric model satisfies T = (so is not geodesic). 

Proof. Let m = £ — 1 > 2. Look at A^/Pi 2. (For m = 2, we require {k,h)+i = 0.) For w = (12), 
= + 4; see Section [5^ For w = (21), we have by (15. 4p . = {3,i} and = {1}, so 

the geometry is NPR+. By Recipe [6l the reduced geometry is q/p = Ai/Pi, so dim(ai) = 1 and 

dim(a2) = 0. From = {3, £} and Recipe [5l p°P = pi,£_2 C v4^_2, and dim(ao) = 1 + dim(p°P) = 
— 2m + 3, by Recipe [TJ Hence, = ilu, = dim(a(w)) = dim(0_) + dim(ao) + dim(ai) = 

2m + 1 + (m^ - 2m + 3) + 1 = m^ + 5. □ 

For any m > 2, the following is a submaximally symmetric model with its (point) symmetries: 
= 0, 



'1 



(5.5) 



x""-^ = 0, 



T = dt, Xi = 9^., Aj = td^j, B'y = x''d^j 

{1 < i < m, 2 < j < m, 1 < k < m) 
C = 2td^i + 3{x^)'^d^m, Di = x^d^i + 3x™(9^™, 

D2 = tdt - s = t^dt + 1 YZi + U^yd, 



The symmetries are stated as vector fields V = ^dt + ^p'^d^i on J°, but these admit unique prolon- 
gations V*^"*^^ = V + (p^f^i^dpi on and V^^^ = V'^"'^^ + v^(2)'^<?' ^'^^ formula 

Externally, V*^^^ are everywhere tangent to M C .P. Internally, V*^^) are identified with vector fields 
on M which preserve the geometric data described earlier. 

Remark 5.3.2. The model (15. 5p was found in the m = 2 case by Casey et al. [T^^ (3-5)]. For 
the projective branch {S = 0), they used Egorov's result fTT] (see also our Section [5l^ below) to 
assert 8 as the submaximal symmetry dimension. For the conformal (Segre) branch (T = 0), their 
model ^^corresponds to a Ricci-flat ASD conformal structure with only one constant non-vanishing 
component of the ASD Weyl tensor'^ . They conclude submaximality in this branch and hence for 
pairs of ODE. While their conclusion is correct, we note that: 

(1) The position of the single non- vanishing component is relevant in assessing submaximal 
symmetry: it must correspond to a lowest (or highest) weight vector. However, this argument 
fails in Riemannian and Lorentzian signatures: lowest weight vectors do not exist, and the 
most symmetric (degenerate) Weyl tensors have many non- vanishing components |16j . 

(2) The case where both S" 7^ and T 7^ is not considered. While one expects any submaximal 
model to satisfy either = or T = 0, this needs to be proven. (See our Theorem 14.3.81 ) 

Since T = 0, let us exhibit the (2, m)-Segre structure. The twistor space N is the quotient of M 
by the integral curves of ^, i.e. it is the solution space of the ODE. The solution of (15. 5p is 

^ p^ = ai, ... , p™-^ = am_i, p"^ = {aift + ara, 

where z = (ai, a^, &i, hm) are parameters (local coordinates on A^). The map : M ^ N is 

ai = p\ ... , a„_i = a^=p"' - (p^ft, 

b^=x^ - pH, ... , b^_i = - 6„ = x"" + Up^f^ - P'^t. 



x^ = ait + bi, ... , x"^ ^ = arn-it + brn-i, x"^ = ^{ai)^t'^ + a^t + b„ 
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Fixing z E N, ^{z) is a solution curve c in M given by (15. 7p . which induces a curve ({t) = 
^*(n|c(t)) in Gr(m,TjA^). Indeed, ({t) is the span of Zi{t) = '^^{^p^\c(t)) G T^A^, where 

^ ^ Mt) =d,,-tdb„ ... , ZUt) = d,^-tdb^. 

Define a 2 x m matrix of 1-forms = {0f } on given by 

«."={d:;:-i(a,pAjim • is's- 

The 2x2 minors of O give the Segre equations cutting out a Segre variety S\z C F{TzN), 

(5.10) efef-e/ef = o, i<i,j<m, i<a,5<2. 

These quadratic equations characterize the image of the Segre embedding a : x P"^-i <— ). p2m— i ^ 
F{TzN), [u] X [t>] h-). [u ® ^^]. The curve ({t) given by (15.81) satisfies (I5.10p and so ({t) is contained 
in and moreover fills out S\z as t varies (regarding t as a projective parameter). 

Symmetries of the Segre structure corresponding to (15. 9p are easily calculated: given any sym- 
metry V of the ODE ([53]), compute V = ^^(V^^)). This yields 



{a-ifda^ - X] ctidb,, Xi = db^, Aj = da^, = akda^ + bkdi 



i=l 



{I < i < m, 2 < j < m, 1 < k < m) 
C = 2da, + Qaibida^ + 3(6i)^9b„, Di = aida, + Sa^da^ + hdb, + Sbmdb^, 

m—l ™ 3 1 

62 = - XI ^kda^ ~ 2a„A^ - bmdb^, ^ = Y1 + 2^iibifda^ + i^ipif^b^- 

k=l i=l 

Direct calculation verifies that the ideal generated by the left hand side of (I5.10p is preserved under 
so these are indeed symmetries of the Segre structure. 
When m = 2, (I5.10p is a single quadratic equation g := — = 0, so a Segre structure 

is the same (up to a sign) as a split signature conformal structure [g] in dimension four (and \E'*(n) 
are the null planes). Changing coordinates, g is simply the pp-wave given in (15. ip . 

Any Segre variety contains two distinguished rulings, i.e. maximal (projective) linear spaces. 
With respect to the Segre embedding cr, writing auiy) = a{u,v) = <7'"{u), we have for (15.91) : 

• m-ruling: '■ P™"^ — > p2m-i ^ pi_ gg^^j^ ui-plane in TZ\z C Gr(m,T2A^) has basis 

Uida^ + U2 (db^ + ^(ai)^<9a,„ ] , Uida^ + U2db^, ... , Uida^ + M2<9fe„ ^ T^N. 



2 

• 2-ruling: P^ ^ P^^-^ for [v] G P'""^ Each 2-plane in V\z C Gr(2,T^A^) has basis 

Vida^ + ... + Vmda^, fl Q(ai)^<9a„ + <9fei^ + t^2<9fe2--- + Vmdb^ G T^N. 

This gives submanifolds 7^ C Gr(m, TN) and V C Gr(2, TN). From ([53]), we see that ^'.(n) C 7^. 
The image under \l/ of each fibre of M — i- J° is an m-dimensional submanifold S C A^, with 
T^E G TZ\z C TzN for any 2; G S. Conversely, every element of TZ is tangent to such a submanifold, 
so TZ is integrable. In fact, Grossman [25j shows that integrability of the m-ruling 7^ is a general 
feature of Segre structures arising from 2nd order ODE systems by establishing an isomorphism 
of the bundles M ^ N and the P^-bundle Pa N whose fibres parametrize the m-ruling. The 
2-ruling V is never integrable for such structures, except for the fiat model. 
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The T = branch for ODE and associated Segre structures have kh concentrated in the respective 
modules corresponding to w = (21). For Segre structures, there is an additional (23)-branch. For 
structures in this branch, TZ is non-integrable while V is integrable. 

Theorem 5.3.3. Let m >2. For {2,m)-Segre structures, 

6 = 6(2i)=m^ + 5, ©(23) = I ^"2. 

Proof. Consider Ai/P2 with i = m + 1. We have established 6(21) = + 5. If m = 2, then 
A3/P2 — -D3/P1, which we have already considered. Letting m > 3 and w = (23), = {1,4,£} 
and = 0, so PR. By Recipes [5] and [H p°P = pi x p2,£_2 C Ai x Ae-2, and dim(ao) = dim(p°P) = 
— 3m + 8. Hence, = il^ = dim{a{w)) = dim(g_) + dim(ao) = — m + 8. □ 

Thus, the Segre structure (15.91) in the (21)-branch is indeed submaximally symmetric. When 
m = 2 or 3 there is also a submaximally symmetric model in the (23)-branch. 

5.4. Projective structures. Two torsion-free affine connections V, V' are equivalent if their un- 
parametrized geodesies are the same, and a projective connection is such an equivalence class [V]. 
These are the underlying structures for a (regular, normal) A^/Pi geometry, or equivalently (see 
Section ESD an ^^/-Pi,2 geometry with vanishing Fels curvature {S = 0). 

Locally, take coordinates (a;")^lo ^-manifold and define V via its Christoffel symbols 

= r:,a,c, r^, = r^,,), O < a, 6, c < £ - l =: m. 

The geodesic equation Va'cr' = for a curve a = a(t) takes the local form (x")" + Tl^{x^y {x'^)' = 0. 
Locally, this always has solutions, so relabelling coordinates if necessary we may assume (x^)' ^ 0, 
and we can solve for t = t{x^). We eliminate dependence on the parameter t by regarding x^, i > 0, 
as functions of By the chain rule, the geodesic equations become 

(5.11) x^ = T^x'x^x'-Ti,x^x', 

= T^j^x X'^x -t~ QjX X"^ j^X"^ X ~t~ FqqX 2rQ^-X'^ -^oo' ^ — ^-i J-; ^ — rtx.^ 

and we consider this system up to point transformations. Internally, the ODE structure is defined 
on a (2m + l)-manifold M with local coordinates {t,x^,p'). Projective equivalence V i— )■ V' is 
equivalently given operationally by F^^ i— )■ F^^ + S^T^ + ^"^6, where T is an arbitrary 1-form. As 
expected, (15. lip is invariant under these changes. 

Egorov [T7j studied the gap problem for projective structures by analyzing the integrabihty 
conditions for symmetries. Let us reprove his results using our Lie algebraic methods. Observe 
that the model Ai/Pi gives a 1-grading g = 0_i © go © 0i, where dim(g_i) = i, and go = C x Am- 
By Kostant, we have Wl{2) = {(12)}, and 

O , X -411001 /A9 / x\ 

Hl{g_,Q)= >^^H — * — 0...0 — * = (/\'gi©st(g-i)j^, i>3. 

Theorem 5.4.1. Let £ > 2. For projective structures on i -manifolds, © = 

Proof. The i = 2 case is exceptional (see Section H75l) . so let i > 3. For w = (12), Jy, = {2,3, i}, 
= 0, and a{w) = 0_ © Oq. Then p°P = pi,2,f-i C Ae_i, and dim(ao) = dim(p°P) = f - 3i + 5. 
Then 6 = il^ = dim(a(u;)) = dim(g_) + dim(ao) = - 2£ + 5 = {i - if + A. □ 

Egorov [17] also gave the following submaximally symmetric model for m = i — 1 > 2: 

(5.12) F°2 = F°i = x\ Tl^ = otherwise. 



/ (£-1)2 + 4, i>3; 
1 3, i = 2. 
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The Weyl curvature of this connection has components 



1, 



abc 



otherwise. 



^tAj lAj iX-' i-A-/ 

.OA 



[l<i< m). 



(5.14) 



{i > 1, j > 3), 
x^x'^dt — dxi, {x^)^dt ~ 3x^8^2. 



Wi21 = -W^211 = 

The associated 2nd order ODE system is 

(5.13) x' 

Its + 4 point symmetries are (writing t := x 

dt, d^2, . . . , 9^m, x'dt, x'd: 
2tdt + x^dxT-, tdt + x'^dx2 . 

where, as in Section [375| the actual symmetries on (t, x-' , p'')-space M are the prolongation of these 
vector fields. Since {dpi}^^ spans the vertical subspace for the projection M ^ N, then 05.141) 
are also the symmetries of the projective connection determined by (15.121) . The Pels torsion (15.31) 
T = (Tj) of (15.131) has matrix rank 1 and components 

Tl = -pyp\ T2^ = (pi)V, T; = 0, for j>3. 

5.5. Bracket-generating distributions. 

5.5.1. G2/P1 geometry. We work over C. (Over M, use the split-real form of G2-) The underlying 
geometry for a (regular, normal) G2/P1 geometry is a (2, 3, 5)-distribution. The equivalence problem 
for such structures was studied by Cartan in his well-known five- variables paper [TT]. The flat model, 
in Monge form (see Example 12.1.11) . is the Hilbert-Cartan equation z' = {y"Y- 

Writing q = Lie(G'2)5 Pi induces a 3-grading on q, with Qq = gl2(C). In Example 12. 5. 2^ we saw 

Hlig-,9) = >W = O'(0-i)* = 0\C^y, i.e. binary quartics. 
Theorem 5.5.1. For {2, 3, 5) -distributions, 6 = 7. 

Proof. For w = (12), = {2}, = 0, so 6*2/^1 is PR+, and a{w) = g_©ao. Hence, p°P ^ pi c Ai, 
so dim(ao) = dim(p°P) = 2. Thus, & = dim(a(u;)) = dim(0_) + dim(ao) = 5 + 2 = 7. □ 

Using the classification of Go = GL2(C) orbits in 0^(*^^)*? analyze each root type (similar to 
the Petrov analysis in Section IB. 1.21) . Let {ci, 62} and {loi,co2} be (Killing) dual bases in q_i and Qi 

c d 



—4:{aui + bu2)ujf. 



1 



respectively. Any element of Qq = flKfl-i) ^"^^s on Q (0-i)*, e.g. 

Por a 0[2(C) basis, take ^ = o) ' " (o o) ' ^ " (o -IJ ' ^ ^ 1 
Symmetry bounds for each root type are given in Tabled Some models, found either by Cartan p._lj 
or Strazzullo ^39i Section 6.10], are given in Table [TOl We refer to [39j for the symmetry algebras. 



. (Note Z = -/.) 



Type 


Normal form 


Basis for 


dim(o"^) 


a'^ filtration-rigid? 


(4) 
(3,1) 
(2,2) 
(2,1,1) 
(1,1,1,1) 


cot 

UjfuJ2 

ijj\ijJ2{^\ - W2) 
UJxUJ2{0J\ — W2)(l^l — kuj^) 


X,H -I 
2H-I 
H 


7 
6 
6 

5 
5 


X 

/ 

X 
X 

X 



Table 9. Root types and upper bounds on symmetry dimensions for G2/P1 geometries 



Theorem 5.5.2. Among (2, 3, 5) -distributions with constant root type: 



Root type 


(4) 


(3,1) 


(2,2) 


(2,1,1) 


(1,1,1,1) 


max. dim (5) 


7 


A or 5 


6 


5 


5 
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Root type 


F{x,y,p,q, z) 


dim (5) 


Reference in [32] 


(3,1) 
(2,2) 

(2,1,1) 
(1,1,1,1) 


'i 

H 

y + ln(g) 

2 

pq 

Pg3 


7 

4 
6 
5 
5 


6.1.1 
6.1.3 
6.3.4 
6.1.6 
6.1.7 



Table 10. Some model (2,3,5) 



distributions for each root type 



Exceptfor type (3, 1), all models realizing these upper bounds are locally homogeneous near a regular 
point]^ 

Proof. We show that in type (3, 1), a = g_ © Oq is filtration-rigid. Here, cq := 2H — I spans Oq. 
Take a basis of g_ as in (12. ip . Then adeo is diagonal with 

£o = {0}, ^-i = {l,-3}, f_2 = {-2}, = {-1,-5}. 

Let f be a filtered deformation of a. The first hypothesis of Proposition 14.4.5) is satisfied, as is (i), 
but (ii) is not. Similar to the Petrov type III case, there is Cq G f° which acts diagonally in some 
basis {/f } with the same eigenvalues as above, and with the only other non-trivial brackets 

[/-I, = /-2, /-2] = /^3, [/-I, f-2] = f-3. [f\, f-s] = «eo, [/-2, /^s] = 

Since = JaCf(/i^, /A3, fl-^) = —^af^^ and = Jacf(/i^, /_2, /A3) = (2a — 6) /-2, then a is filtration- 
rigid. Aside from type (3, 1), when the upper bound is realized, 0_ C s{u). □ 

Theorem 15.5.21 recovers the bounds found by Cartan |Tl] using his method of equivalence. 

5.5.2. A3/P12 geometries. As in Section [375| the underlying structure for regular, normal yl3/Pi 2 
geometries is still a distribution D on a 5-manifold with a splitting D = L (B H into rank 1 and 
2 subbundles, but now 11 is not necessarily integrable; instead [H, H] C D [10, E]. Having {kh)+i 
nowhere vanishing is equivalent to [H, H] = D, in which case H becomes a (2, 3, 5)-distribution. 

Example 5.5.3. On a 5-manifold {x, y,p, q, z), consider H spanned by {dq, dx + pdy + qdp + q^dz] 
(i.e. the flat model for (2, 3, b)- distributions) and L = {dp + 2qdz}. Then (H, L) has S given by 

Xi = (9^, X2 = dy, X3 = X4 = X(9y + (9p, = x^dy + 2xdp + 2dg + Apdz, 

pq - -jdy + —dp + —d-„ X7 = —dy + —dp + xdq + {2px - 2y)dz, 
Xs = xdx + ydy - qdg - zd^, Xg = ydy + pdp + qdg + 2zdz. 

Abstractly, in the flat G2/P1 model, H and L correspond to the subspaces 0/ Lie(G'2)/pi spanned 
by {e_Q,^, e_Q,^_Q,2} and {e_2ai-a2} (modulo pi/ Only 0t2(C) = 0o C pi stabilizes both H and L. 
Hence, S = p'^' (via a Lie algebra anti- automorphism) . 

Proposition 5.5.4. Consider a (2, 3, b)- distribution H and a line field L such that [H, H] = L © H. 
The infinitesimal symmetry algebra of (H, L) is at most 9- dimensional, and this bound is sharp. 

Proof For ^3/^,2, go = x Ai, and H\q_,q)^i = V_^.a, = X X " , where w = (23) G 
Wl{2). We have = = 0, so a{w) = g_ © ao, P°p = Ai, and dim(oo) = |/p| - 1 + dim(p°P) = 4. 
Then 6^ = dim(a(u7)) = dim(g_) + dim(ao) = 5 + 4 = 9. □ 

Remark 5.5.5. As indicated above, the structure is in fact not just a bracket-generating distribution 
since D has a splitting on it. However, it fits in naturally after discussing G2/P1 geometry. 

^^R.L. Bryant [S] analyzed the (3, 1) case by continuing Cartan's method of equivalence [IT] and showed that no 
models with 5-dimensional symmetry exist. Thus, 4 is the maximal symmetry dimension for type (3, 1). 
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5.5.3. Bi/ Pi geometry, ^ > 3. Let q = Bi = S02£+i(C), but all statements here still hold when 
considering SO^+i^^. The underlying structure for a (regular, normal) Bi/P^ geometry is a rank ^ 
distribution on a (^^^) -manifold, with generic growth (£, (^2^))- This is a 2-graded geometry with 
go = C X Ai^i = 0[^(C), and Levi bracket inducing the go-module isomorphism A^fl-i — 0-2- The 
i = 3 case was studied by R.L. Bryant [3], 



Theorem 5.5.6. Let i>3. For {£, {^l^)) -distributions, & = \ ^ 



11, £ = 3. 



Proof. We have Wl{2) = {{i,i- 1)}. For w = - 1), = so a{w) = g_ © Oq, and 

(1) £ > 4: = {2, £ - 2, £ - 1}, so p°P ^ P2,i-2/-i C and dim(ao) = + 10 - ; 

(2) £ = 3: J» = {1, 2}, so p°P = pi,2 C A2, and dim(ao) = 5; 

since dim(ao) = dim(p°P). Then & = dim(a(ti')) = dim(g_) + dim(ao) yields the result. □ 

Let us exhibit some models in the i = 3 case. On a 6-manifold (xi, X2, X3, 2/1, 2/2, 2/3), we specify 
3-plane distributions by the vanishing of three 1-forms. The flat model is 

6'i = dyi — X3dx2, O2 = dy2 — xidx^, 63 = dy^ — X2dxi, 

which has B3 symmetry algebra (21-dimensional). Two new models are 

(a) : 9i = dyi — X3dx2, O2 = dy2 — Xidx^, 63 = dy^ — X2dxi — xi^x^^dx^] 

(b) : 9i = dyi - X3dx2, 62 = dy2 - Xidx^, 63 = dys - {x2 + y3)dxi. 

The respective 11 and 10-dimensional symmetry algebras (found using the Dif f erentialGeometry 
package in Maple) are given in Table [TTl 





Symmetries 


(a) 


Xi = dy-^, X2 = dy2, X3 = dy.^, X4 = Xidy^, 
X5 = 2xid^^ - X2<9^2 - X39^3 - 2yidy^ + ys^ya + Vs^ys, 
Xe = -xidcci + 2x28^2 + 3;3<9x3 + "iyidy^ + y-idy^, 

X7 = xid^2 + {^i^?. - y2)dy^ + k^i^dy^, Xg = X3d^2 + |a;3^(9y, + (^1X3 - y2)dy3, 

Xg = 2^x1 + '^X3^dx2 + l^z'^dy^ + 2X3dy2 + 3X1X3^9^^3, 

Xio = X3d^^ + \x3'^dx2 + l^'i^dyi + \xi^dy2 + (1X1X3^^ -yi+ X2X3)dy^, 

Xii = (2x1X3^ + 4x31/2)9^2 + 39^3 + (3x2 + 2x1X3^ + 2x3^y2)dy, 

+ iXi^X3^ + 4xiX3?/2 - 2l/2^)9y3 


(b) 


Xl = 9y^, X2 = 9j^2, X3 = 9^:2 — 9j^3, X4 = e^^9y3, X5 = 9a;3 + X29y^, 

Xe = d^^ + X3dy2, X7 = X293;2 + yidy^ + y3dys, Xg = X392;3 + yidy^ + y2dy2, 

Xg = e~'^i(93;3 + (^3 + X2)9yi + (1 + a;i)9j^2)5 Xio = a;i9^2 + i^i^3 - 1/2)^^1 - (1 + a;i)9y3 



Table 1 1 . Symmetries of new models for generic rank 3 distributions on 6-manifolds 



Model (a) is submaximally symmetric and realizes the abstract model f/i in Theorem 14.3.51 We 
now outline its construction. Take C"^ with anti-diagonal symmetric C-bilinear form, : f) — )■ C, 
and simple roots as in Example 12.8.31 By Kostant's theorem, 

H\q_, g) = I — = V_^.A„ w = (32), 
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and w(-X2) = -Ai - A2 + 2A3 = -cti - 0:2, then 0o = 6^2+203 A 60,3 e. 



{a2+2a3, as}, 



with lowest weight — w-A2 = — ai+Saa = — ei+e2+3e3 (homogeneity +3). Since $i 

-«i-a2- Letting ao = ann(0o), 



a = 0- 



ao 



O22 + <J033 


U 


U 


u 


u 


u 


u 


021 


O22 

















0'31 


0'32 


0'33 














041 


042 


043 














051 


052 





—043 


-033 













-052 


-042 


-032 


-022 










-051 


-041 


-031 


-021 


-(022 + 3033) 



v 

and let Eij denote the matrix with Uij — 1 and O's elsewhere. Calculating matrix commutators 
determines the Lie algebra structure on a. If we take the following as root vectors 

e-a2-2a3 — -^52 G 0-2; ^-as — E43 G Q-i, e^ai-a2 — -^31 ^ 00; 

then 00 yields the deformation [i?52,-E'43] = -E-si of a. (Note that [i?52,-E'43] = in a.) This yields a 
filtered deformation f of o, and model (a) is a local model for f/t, where t = Oq. 
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B. KRUGLIKOV AND D. THE 



Appendix A. Representation-theoretic data for complex simple Lie algebras 

We use the Bourbaki [.2J / LiE [31j ordering of simple roots. Notation such as 0,.ls2jl means 
a = ar+i + ... + ttr+s + 2ar+s+i + ... + 2ar+s+t + ftr+s+i+i, where i = rank(0) = r + s + t + l. 






dim(g) 


\ 


Dynkin diagram 


Positive roots 


Ai {i > 1) 
s[(£+ 1,C) 


iii + 2) 




Cfi Q2 a:j ae-2 <^e-i cti 
■ ■ • 


04sOt (s>l) 


Bi {£ > 3) 
so(2£ + 1, C) 


i{2i+l) 


As 


"1 Ce2 «3 «£-2 Qf-l cti 

■ ■ • )' 


04sOt (s > 1) 

r\ -1 c\ / ( -1 \ 

04s2t (s,t>l) 


Ct [i > 2) 
sp(2£,C) 


£{2i+l) 


2Ai 


ai C12 OL-i OLi_2 oie-i cti 
• ■ • 0=^=0 


04sOt (s > 1) 
04s2tl (t > 1) 


De (i > 4) 
so(2£, C) 


i{2£ - 1) 


A2 


/ 

"1 012 «3 «£-3 Of A 
■ ■ • ({ 


04sOt (s,t>l) 

OrlsOl (S > 1) 

04s2tll (s>l) 




G2 


14 


A2 


ai 02 


10,01,11,21,31,32 




52 


Al 


ai a2 

0^0 


(Use LiE) 


Ej 
Eg 


78 

133 

248 


A2 
Al 
As 


ai 0.4, 05 Oi^ 


(Use LiE) 


■ ■ ■ 





Appendix B. Submaximal symmetry dimensions 

The tables to follow summarize data associated to the gap problem for all regular, normal par- 
abolic geometries of complex or split-real type (G, P) with G simple. Let & be the submaximal 
symmetry dimension, and define similarly but require im.{K.u) C ^-w\^- Summarizing: 

(1) Calculation of Wl{2): Given w e W\2) (use Recipe El), w G iy^(2) iff Z{-w ■ \) > +1. 

(2) Maximal non-flat Tanaka prolongation a{w) for each w G W^{2): 

(a) Let 00 £ V_^.Ag be a lowest weight vector. Define a{w) = pr0(0_, ann(0o))- 

(b) Find = {j ^ \ {w ■ Ag, «J) ^ 0} and = {i G Jp | (w ■ Ag, a,^) = 0}. 

(c) (g,p,w) is PR iff = 0. If 1^ ^ 0, i.e. (g,p,w) is NPR, find {q,P) using Recipe El 

(3) Dimensions: & = max^g^yP(2) &w, where are calculated as follows: 

(a) Find dim(G/P) = dim(g_) and dim(ao) by Recipes [H and [51 

(b) Using (g,p), find dim(o+) and hence dim(a) = dim(0_) + dim(ao) + dim(a+). 

(c) Other than exceptional A2/P and B2/P, we always have = dim(a(w)). For the 
exceptions, see Table fT2l 

Note: as = always, and 02 7^ only for NPR-A/C (Section (SSj). In Tables [IS [H [H Oi = 0. 

By Remark 14.3.101 we may assume that P is connected, so that we can substantially simplify the 
calculation of &w by passing to the minimal twistor space (despite possible non-existence of such a 
twistor space when P is not connected). 
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G 


P 


dim(G/P) 


w 




Twistor 


dim a{w) 












space type 




A2 


Pi 


2 


(12) 


{2} 


- 


4 


3 




Pl,2 


3 


(12) 





A2/P1 


4 


3 








(21) 





A2/P2 


4 


3 


B2 


Pi 


3 


(12) 


{2} 




5 


4 




P2 


3 


(21) 


{1} 




5 


5 




P1.2 


4 


(12) 





B2/P1 


5 


4 








(21) 





B2/P2 


5 


5 



Table 12. Submaximal symmetry dimensions for geometries of type A2/P and B2 



G 


P 


Rangc 


dim(G/P) 


w 


J W 


&w = dim a(ty) 


At 


Pi 
P2 


e>3 

£>3 


e 

2{i-l) 


(12) 
(21) 

(23) 


{2,3, £} 
{3,i} 
j{l,4,e}, e> 4; 
I {1}, ^ = 3 


{I -1)^+4 
{I -1)2+5 

(£2 - 3£ + 10, ^ > 4; 

\ 9, 1 = 3 




Pk 


3 < fc < r|i 


fc(£ + 1 - k) 


(fc,fc + 1) 
{k,k- 1) 


{l,fe- l,k + 2,e} 
{l,fc-2,fc + l,4 


l(i - 1) - A:(£ - fe) + 6 
i{i - fc) + (fc - 1)2 + 6 


Be 


Pi 


e>3 


2e-i 


(12) 


{3} 


2^2 - 5£ + 9 


Ce 


Pi 


e>3 




{e,e-i) 


{1,^-2,^-1} 




De 


Pi 
Pi 


e>4 
e>5 


21-2 




(12) 

{£, £ - 2) 


r {3}, e>5; 
\{3,4}, 1 = 4 
{2,i- 3,i- 1} 


2^2 -7^ + 12 

.(3.-11) ^ 


Eg 






16 


(65) 


{2. 4} 


15 


E7 


r- 




27 


(70) 




7(i 



Table 13. Submaximal symmetry dimensions for 1-graded geometries 



G 


P 


Range 


dim(G/P) 


w 


Jw 


&w = dimo(M)) 


Al 




£ > 3 


2^-1 


(12) 


{2,£-l} 
r{2,3}, £>4; 
I {2}, £ = 3 

({£ - 2,£- 1}, £ > 4; 

I {2}, £ = 3 


{t -1)^+4 
{(. -1)2+4 

H -1)2+4 


Bi 


P2 


£ > 3 


4^-5 


(21) 
(23) 


{1,3} 
(•{1,3,4}, 4; 
I {1,3}, i = 3 


2£2 - 5£ + 8 
r 2£2 _ 7^ + 15, £ > 4; 

\ 11, t = 3 


Ci 


Pi 


£ > 2 


2^-1 


(12) 


({2,3}, £> 3; 
I {2}, 1 = 2 


|2£2 - 5^ + 8, ^ > 3; 
\ 5, £ = 2 


Di 


P2 


£ > 4 
£ = 4 


4^-7 


(21) 

(23) 

(24) 


r {1,3}, ^ > 5; 

\{1,3,4}, £ = 4 
r {1,3,4}, £^5; 
\{1,3,4,5}, £ = 5 
{1,3,4} 


2^2 _ 7^ _|- 11 

2£2 _ 9^ + 19 
15 


G2 
Fi 

E6 

E7 
Es 


P2 
Pi 
P2 
Pi 
P& 




5 
15 
21 

33 

57 


(21) 
(12) 

(24) 
(13) 
(87) 


{1} 
{2,3} 

{3,4,5} 
{3,4} 
{6,7} 


7 
28 
43 
76 

147 



Table 14. Submaximal symmetry dimensions for parabolic contact geometries 



G 


P 


Range 


dim(G/P) 








(0=P) 


m 




Twistor 
space type 


&UI = dinia(w) 





A, 


Pi o 
-t 1,2 


£ >3 
£ = 3 




2£ — 1 


(■21 1 

(23^ 


13 £\ 
t3 P\ 



111 

<li 
hJ 




4i / Pi 


/ 




A „ 1 P) 
A/j / Pl 
A-i. 1 Po 

^3/ 2 


('/' _ 1 ~l2 1 c 

(■/ _ 1 ~l2 1 4^ 
g 






Pi -3 

-11,3 


£ > 4 




3£ — 4 




19 4 /1- 


171 










^2 _ 3^ _j_ g 
















1^1 *-/ 











A „ 1 Pl 
^il -^1 


('/' _ 1~l2 1 4 








£ = i 








191 











Aa IP-i 
^4 / 3 


14 






P, 


4 < s < £ ~ 


1 


£s — {s — 1)'^ 




12 3 f\ 
iz, o, 


Isl 




/ 




A, IP^ 


(■/ _ 1~l2 1 4 
















So c; — 1 « 4- 1 /'l 


(h 










(f — 9~lq 4- — q~t2 4_ a 








4 < s = £ — 


1 






1/ — 91 










A,> / Pa , 


(■/ _ 1 'l2 1 c: 






Po 


4 < s < £ — 


1 




(■91 ~1 


^3 /l 


Iql 
I*/ 




/ 




At: 1 P> 
^11 ^2 


(f — T)2 , c: 








4 < s = £ — 


1 




— 1 /"l 


l-*-)^ zj- 


121 


4 ^ / Pi 


/ 




Ai: IPi, 1 


C/ _ 1~l2 _i_ i; 






P ^1 


2 < s <■ £ — 


2 


(P — sVe -1- 1 -4- o 


Cc! O -I- 1 


/I o _ 1 s -1- 2 /I 


Iq + 11 


4i / Pi 


/ 




All IP 


/'f/' — 11 — qC/ — q"l -1- fi 
















11 q — 1 q _l_ 9 /l 


Iql 


4i /Pi 


/ 




Ar IP ^-1 
^ll s + 1 


ftp — — s(P — ci) 4. p. 








s = 2 < £ — 


2 

















A „ 1 P) 

^1/ ^2 


f/" _ 1~l2 1 c 






p, . 


3 < s < £ — 


2 




v-'-i 


12 / — 1 1 


1 si 


— 4/ s — 2 


/ 




A 1 1 P, « 


(■/ - 1~)2 + 4 






Pi ') J 


£ > 3 




'MP — 1 ^ 


(■21 1 




11 1 


/li / Pi 


/ 




A, 1 P-, 

^il ^2 


(■/I _ 1 "l2 1 c: 














('121 













Ai, 1 Pl 
^il -^1 




td 






£ = 3 




Q 


(93) 




131 


4i / Pi 


/ 




A-i IP-, 

^3/ 2 


g 














(39) 


CI 


1/1 








4 .J / Pj 

^3/ ^3 




























4 -3 / Pl -3 


g 







Pi n 

-'1,2,5 


4 < s < £ 








/3 /l 


11 ql 

1-'-, 


4i/Piv4fl ^/P o 


/ 




A, 1 Pn 
^11 ^2 


C/ _ Tl2 1 c: 














13 /'I 


Iql 


4 ^ / P o 

4/ -t s— 3 


/ 




All 1 Pl 


_ Ti2 j_4 






Pl O » 


£ > 4 




•iff _ I'l 


(21) 


131 


111 


4i /Pi 


/ 




A II 1 P-> 

^tf ^2 


(P _ l'l2 _|_ 5 















(12) 


{3} 









- 


Ai/Pi 


(/- 1)2 +4 














(■1 /"I 


1/" — 11 











An 1 Pl t 
^il ^l,t 


I'/ _ 1~l2 1 4 


> 




Pi O J 


4 < s < £ 




3(£ — ^^ 4- (£ 4- ^ — — 3) 


(■21 1 


■f/1 


11 ql 


At /Pt y A/i A 1 P -i 

1 — 4/-( s — j 


/ 




An 1 Po 
^il ^2 


_ 1~l2 , c 


1— 1 




P\ 2 3 £ 


£ > 4 




4£-6 


(21) 





{1} 


^i/-Pi 


/ 




Ai/P2 


(^ -1)2+5 








£ = 4 






(34) 





{4} 


Ai/Pi 


/ 


_ 


AijP-i 


14 






-Pl,2,s,t 


4<s<t< 


£ 


2£-l + {£+l- s){s - 2) 
+{£+l-t)(t-s) 


(21) 


{3,/} 


{l,s,t} 


Ai/Pi X Aj>_4/Ps_3,t-3 


/ 




Al/P2 


(^ -1)2 + 5 


w 




-Pl,2,s,< 


4<s<£ 




3{e - 1) + {£ - s){s - 2) 


(21) 


{3} 


{1,4 


Ai/Pi X A^_4/P^_3 


/ 




A1IP2 


(^ -1)2 + 5 








4<s=£- 


1 




{£-!,£) 


{£-2} 


{2,^} 


A^_4/Pi X Ai/Pi 


/ 




At/Pi-i 


(^-1)2+5 




Be 


^3 


£> 4 




U- 12 


(32) 


{1,4} 





_ 


— 


— 


— 


2£2 _ 7^ + 16 








£ = 3 






(32) 


{1,2} 





_ 


— 


— 


— 


11 






Pl 


£>4 




\ 2 / 


(t, £-1) 


12,^ - 2,^ - 1} 













2 ' 






Pl.2 


£>3 




4^-4 


(12) 
(21) 


{3} 


121 




Ai/Pi 


/ 




BelPi 

Be/P2 


2^2 _ 5£ _|_ g 

2^2 -5,^ + 8 






P2,3 


£>4 




U- 10 


(32) 


{1,4} 


{2} 


Ai/Pi 


/ 




Be/ P., 


2^2 -7^ + 16 








£ = 3 






(32) 


{1} 











B3/P3 


11 






Pl./i 


£ = 3 




8 


(32) 


{2} 











B3/P3 


11 








£ = 3 




9 


(32) 














S3/P3 


11 





Table 15. Submaximal symmetry dimensions for Yamaguchi-nonrigid geometries in type A and excluding 1-graded 
& parabolic contact geometries 



G 



C, 



D, 



P2 



f2,e 
Pi-i.t 

Pl,2,?, 
Pl,2,s 
Pl,2,t 



Pa 

Pl,2 

Pi,i 

P2,3 
Pl,2,t 



Pi 
Pl,2 



Range 



£ > 3 

£ = 3 

£ > 4 

£ > 3 

£ > 3 

£ > 4 

£ = 3 

£ > 4 

£ = 3 

£ = 3 

£ > 4 

£ > 3 

4 < s < . 

£ > 4 



' > 5 
' > 4 



' > 5 

' = 4 

' > 5 

' > 5 

' = 4 



dim(G/P) 



4e-5 

2 

U-4 



r+M-2 
2 

6£-9 

2 2 



Ql- 15 
4^-6 



{t+2)(l-l) 
2 



U- 13 



(21) 
(23) 
(£-l,£) 
(21) 
(12) 
{!,£) 
(12) 
(12) 
(21) 
(21) 
(23) 

(21) 
(21) 
(21) 



(32) 
(12) 

(21) 

(12) 
(12) 
(42) 

(32) 

(12) 
(12) 
(42) 



(12) 
(12) 



{3} 
{1,3} 
{1,1-2,1} 
{3} 
{3} 
{2,^-1} 
{2,3} 
{2} 
{3} 

{1} 
{l,i-2} 

{3} 
{3} 



{1,4}, £>6; 
{1,4,5}, ^ = 5 

{3}, ^ > 5; 
{3,4}, £ = A 

{3}, i>b; 
{3,4}, £ = 4 

{3} 
{3} 
{3} 

{1,4}, £>6; 
{1,4,5}, ^ = 5 

{3} 
{3} 
{3} 



{2} 



{1} 




{<} 


{n 



{1} 

{1,4 

{i,n 



{2} 



{n 



{2} 

{2,n 

{2} 
{2} 



(0,P) 



All Pi 

Ct-z/Pt-3 
Ct-z/Pt-3 



Ax I Pi 

Ai/Pi X Ci_3/Ps-3 

Ai/Pi X Ct-zjPl-i 



All Pi 



Di_3/P(i_3 



All Pi 

Ai/Pi X D1.-Z/P1.-Z 
All Pi 
All Pi 



a2 



Twistor 
space type 



Ct/Pz 
Ce/Pi 

Ci/Pi 
C3/P1 

Ci/Pz 
C3/P2 
C3/P2 

C1IP2 
C1/P2 
C1/P2 



Di/Pi 

Dl/P2 

Dt/Pi 
Da/Pi 
D4./P4. 

DilPz 

Dt/Pi 
Da/Pi 
Da/Pa 



G2/P1 



&w = dimo('U)) 



2£^ - 5£ + 9 
11 

^e^+5 
2£2 - 5£ + 9 
2f - 5£ + 8 



€(3€-5) 



+ 5 



2£2 - 5€ + 8 
11 

2£2 - 5£ + 9 
12 
11 



+ 5 



2£2 - 5£ + 9 
2^2 _ 5£ + 9 
2^2 _ 5£ + 9 



2^2 _ 9£ + 20 

2^2 _ 7£ + 12 

2^2 _ 7£ + 11 

2£2 - 7£ + 12 
16 
16 

2^2 _ 9^ + 20 

2£2 -7^ + 12 
16 
16 



Table 16. Submaximal symmetry dimensions for Yamaguchi-nonrigid geometries in type C, D, G, excluding 1-graded 
& parabolic contact geometries 



H 
W 
H 

O 
> 

O 
O 

:2 



> 
cd 
O 

o 
o 

H 
O 

H 

s 
s 
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Appendix C. Direct proof of prolongation-rigidity for conformal geometry 

Consider C"+^ with an anti-diagonal symmetric C-bilinear form g, i.e. gij = 6ij/, where j' :— 
n — j + 1. Then 

/ , , 

^ ' ' aeC,Aeso(n,C),uj e (cy,v eC" 



so(n + 2,C) 



a 







V 


A 







-v' 


—a 



consists of matrices skew with respect to the anti-diagonaL We have Qq — 3(0o)®0o* — C®so(n, C). 
Symbohcally, the brackets are: 

(1) 00 X So ^ 0o: [{a, A), {b, B)] = (0, [A, B]). 

(2) 00 X 01 ^ 0i: [{a, A),uj]= uj{a - A). 

(3) 00 X 0_i 0_i: [(a, A),v] = {A- a)v. 

(4) 01 X 0_i 0o: [u, v] = {cov, u'v' - vu). 

The 00- module decomposition of if^(0_,0) is given by 



^'(0-,0) 



(A^gi ® So") > ^ > 4 (Weyl tensors) ; 



(Si) 



n = 3 (Cotton tensors). 



If n 7^ 4, iir^(0_,0) is 0o-irreducible; if n = 4, it splits into self-dual and anti-self-dual submodules. 

Let {cj} and {oj^} be the standard (dual) bases of C" and (C")* respectively. Define Ei^ = Ci^u^ 
and Ri'^ = Eg^-Ek'^' e 0o^ Note R^^ = -Rk'^\ and we require k ^ f . Let u'-'''e = io' Au^ ® Re'' . An 
element W — WijkUj'^^'^i £ 0i ® So'' index symmetries Wijk — —Wjik, Wijk — —Wiji''^'. 

Letting A — / A'^Mi^ and using the bracket relations above, the 0o-action on A^ 0i ® 0o* is 



W := (a, A)-W= {2aW^,k' - Wr,k'A\ - W.r^'A] - W,,Ml + W,,^' A[) 



UJ 



ijk 



where we have accounted for "anti-diagonal skew-symmetry" in the last line above. 
Similarly when n — ?>, given C — Cij^u'^ A ® uj^^ and C — (a, Al) ■ C, we have 

Lemma CO. 7. Conformal geometry in dimension > 3 is prolongation-rigid. 

Proof. Let cu G 0i and t = [a;,0_i]. Use the Go = CO{q-i) action to normalize cu (over C) to one 
of two values, namely a null vector or a non-null vector. Suppose first that n > A. 

Case 1: u is null. Take uj = uj-^. Then t = {{v^, —v^Ri^) : v E 0_i} and dim(t) — n — 1. (Note 
Rn^ = 0.) Letting (a. A) = (1, E^ - E}), we obtain 



= Wi, 



ijk 



2-^^-4 + 2 



AI + A^ - A^, + A^/^i^ 



Since A^ — A\ = 2, then the only possible nonzero components are W„j„ 



-Wnjt'^ = -Wjnn for 



Now let {a, A) = iO,R^), 1 < c < n. Note Al = 1 = -A"^,. 



1 < j,i < n, i.e. W 
Then for 1 < j,i <n with j ^ c', we have = Wc'jJ = -WrjuA^, 



Wr.,/. Thus, W 



0. 



Case 2: ou is non-null. Take uu ^ uu^ + bj"" . Then t = {(j^ i;", (i?i' + i?„*)) : v e 0_i} and 
dim(fi) = n. In particular, note that (1, O^xn) £ ^, and = = (1, O^xn) • ^ — 

Now consider n — Z. If a; is null, then letting (a, A) = (1,-E„"' — E^i"^) yields = Cijk — 
Cijk{^ ~ A\ — A^j — A^), so Cijk — since i ^ j. If u is not null, then as above (1, 0„xn) £ so 
again C = 0. □ 
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